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Nature. This quantum gauge theory of gravity is a renormalizable quantum 
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1 Introduction 



Gravity is an ancient topic in science. In ancient times, human has known the 
existence of weight. Now we know that it is the gravity between an object and 
earth. In 1686, Isaac Newton published his epoch-making book MATHEMATICAL 
PRINCIPLES OF NATURAL PHILOSOPHY. In this book, through studying the 
motion of planet in solar system, he found that gravity obeys the inverse square 
law|l|]. The Newton's classical theory of gravity is kept unchanged until 1916. At 
that year, Einstein published his epoch-making paper on General Relativity^, 
In this great work, he founded a relativistic theory on gravity, which is based on 
principle of general relativity and equivalence principle. Newton's classical theory 
for gravity appears as a classical limit of general relativity. 

One of the biggest revolution in human kind in the last century is the foundation 
of quantum theory. The quantum hypothesis was first introduced into physics by 
Max Plank in 1900. Inspired by his quantum hypothesis, Albert Einstein used it 
to explain the photoelectric effect successfully and Niels Bohr used it to explain 
the positions of spectral lines of Hydrogen. In 1923, Louis de Broglie proposed the 
principle of wave-particle duality. In the years 1925-1926, Werner Heisenberg, Max 
Born, Pascual Jordan and Wolfgang Pauli develop matrix mechanics, and in 1926, 
Erwin Schroedinger develop wave mechanics. Soon after, relativistic quantum me- 
chanics and quantum field theory are proposed by P.A.M.Dirac, Oskar Klein, Walter 
Gordan and others. 

In 1921, H.Weyl introduced the concept of gauge transformation into physics]^, 
^ , which is one of the most important concepts in modern physics, though his origi- 
nal theory is not successful. Later, V.Fock, H.Weyl and W. Pauli found that quantum 
electrodynamics is a gauge invariant theory]^, 0, ^. In 1954, Yang and Mills pro- 
posed non-Abel gauge field theory^. This theory was soon applied to elementary 
particle physics. Unified electroweak theory |llO|, |ll|, Q and quantum chromody- 
namics are all based on gauge field theory. The predictions of unified electroweak 
theory have been confirmed in a large number of experiments, and the intermediate 
gauge bosons and which are predicted by unified electroweak model are also 
found in experiments. The U{1) part of the unified electroweak model, quantum 
electrodynamics, now become one of the most accurate and best-tested theories of 
modern physics. All these achievements of gauge field theories suggest that gauge 
field theory is a fundamental theory that describes fundamental interactions. Now, 
it is generally believed that four kinds of fundamental interactions in Nature are all 
gauge interactions and they can be described by gauge field theory. From theoret- 
ical point of view, the principle of local gauge invariance plays a fundamental role 
in particle's interaction theory. 
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In 1916, Albert Einstein points out that quantum effects must lead to modifica- 
tions in the theory of general relativityfl^. Soon after the foundation of quantum 
mechanics, physicists try to found a theory that could describe the quantum behav- 
ior of the full gravitational field. In the 70 years attempts, physicists have found two 
theories based on quantum mechanics that attempt to unify general relativity and 
quantum mechanics, one is canonical quantum gravity and another is superstring 
theory. But for quantum field theory, there are different kinds of mathematical 
infinities that naturally occur in quantum descriptions of fields. These infinities 
should be removed by the technique of perturbative renormalization. However, the 
perturbative renormalization does not work for the quantization of Einstein's theory 
of gravity, especially in canonical quantum gravity. In superstring theory, in order 
to make perturbative renormalization to work, physicists have to introduce six extra 
dimensions. But up to now, none of the extra dimensions have been observed. To 
found a consistent theory that can unify general relativity and quantum mechanics 
is a long dream for physicists. 



The "relativity revolution" and the "quantum revolution" are among the greatest 
successes of twentieth century physics, yet two theories appears to be fundamentally 
incompatible. General relativity remains a purely classical theory which describes 
the geometry of space and time as smooth and continuous, on the contrary, quan- 
tum mechanics divides everything into discrete quanta. The underlying theoretical 
incompatibility between two theories arises from the way that they treat the geom- 
etry of space and time. This situation makes some physicists still wonder whether 
quantum theory is a truly fundamental theory of Nature, or just a convenient de- 
scription of some aspects of the microscopic world. Some physicists even consider 
the twentieth century as the century of the incomplete revolution. To set up a con- 
sistent quantum theory of gravity is considered to be the last challenge of quantum 
theory pi|, |T3|. In other words, combining general relativity with quantum mechan- 
ics is considered to be the last hurdle to be overcome in the " quantum revolution" . 



Gauge treatment of gravity was suggested immediately after the gauge theory 
birth itself |]16|, |l^ 111]. In the traditional gauge treatment of gravity, Lorentz group is 



localized, and the gravitational field is not represented by gauge potential |T9|, |20|, ^ 
It is represented by metric field. (In this paper, we will find that metric field and 
gauge field are not independent. We can use gauge field to determine metric field. ) 
The theory has beautiful mathematical forms, but up to now, its renormalizability is 
not proved. In other words, it is conventionally considered to be non-renormalizable. 



I will not talk too much on the history of quantum gravity and the incompati- 
bilities between quantum mechanics and general relativity here. Materials on these 
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subject can be widely found in literatures. Now we want to ask that, except for tra- 
ditional canonical quantum gravity and superstring theory, whether exists another 
approach to set up a fundamental theory, in which general relativity and quantum 
mechanics are compatible. 



Recently, some new attempts were proposed to use Yang-Mills theory to refor- 



mulate quantum gravity] 22, E3l 24, E5|. In these new approaches, the importance 



of gauge fields is emphasized. Some physicists also try to use gauge potential to 
represent gravitational field, some suggest that we should pay more attention on 
translation group. In this paper, a completely new attempt is proposed. In other 
words, we try to use completely new notions and completely new methods to for- 
mulate quantum gravity. Our goal is try to set up a renormalizable quantum gauge 
theory of gravity. Its relation to the traditional quantum gravity is not studied in 
this paper, which is an independent work that will be done in the near future. Maybe 
this new formulation of quantum gravity is equivalent to the traditional formulation, 
maybe they are not equivalent. The main goal that we hope to formulate this new 
quantum gauge theory of gravity is not to deny traditional quantum gravity, but to 
prove the renormalizability of quantum gravity, for the renormalizability of quantum 
gravity is easy to be proved in this new formulation. It is known that the mathemati- 
cal formulation of traditional quantum gravity is quite different from that of the new 
quantum gauge theory of gravity which is formulated in this paper, but it does not 
mean that they are essentially different in physics. In a meaning, maybe the present 
situation is somewhat similar to that of the quantum mechanics. It is well know 
that quantum mechanics can be formulated in different representations, such as 
Schrodinger representation, Heisenberg representation, ■ ■ -. Though mathematical 
formulations of quantum mechanics are quite different in different representations, 
they are essentially the same in physics. Quantum gravity belongs to quantum me- 
chanics, we can imagine that it will of course have many different representations. If 
some people can prove that the traditional quantum gravity is equivalent to this new 
renormalizable quantum gauge theory of gravity, then the renormalizability of the 
traditional quantum gravity will automatically hold. If this is true, then two kinds 
of quantum gravity can be regarded as two different representations of quantum 
gravity. Collaborating with Prof. Zhan Xu and Prof. Dahua Zhang, we have found 
the differential geometrical formulation of the gravitational gauge theory of gravity 
which is formulated in this paper [Q. The relation between traditional quantum 
gravity and gravitational gauge theory of gravity is under studying now. 



As we have mentioned above, gauge field theory provides a fundamental tool to 
study fundamental interactions. In this paper, we will use this tool to study quan- 
tum gravity. We will use a completely new language to express the quantum theory 
of gravity. In order to do this, we first need to introduce some transcendental foun- 
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dations of this new theory, which is the most important thing to formulate the whole 
theory. Then we will discuss a new kind of non-Abel gauge group, which will be the 
fundamental symmetry of quantum gravity. For the sake of simplicity, we call this 
group gravitational gauge group. After that, wc will construct a Lagrangian which 
has local gravitational gauge symmetry. In this Lagrangian, gravitational field ap- 
pears as the gauge field of the gravitational gauge symmetry. Then we will discuss 
the gravitational interactions between scalar field (or Dirac field or vector field ) 
and gravitational field. Just as what Albert Einstein had ever said in 1916 that 
quantum effects must lead to modifications in the theory of general relativity, there 
are indeed quantum modifications in this new quantum gauge theory of gravity. In 
other words, the local gravitational gauge symmetry requires some additional inter- 
action terms other than those given by general relativity. This new quantum theory 
of gravity can even give out an exact relationship between gravitational fields and 
space-time metric in generally relativity. The classical limit of this new quantum 
theory will give out classical Newton's theory of gravity and general relativity. In 
other words, the leading order approximation of the new theory gives out classical 
Newton's theory of gravity, the first order approximation of the new theory gives 
out Einstein's general theory of relativity. This can be regarded as the first test 
of the new theory. Then wc will discuss quantization of gravitational gauge field. 
Something most important is that this new quantum theory of gravity is a renormal- 
izable theory. A formal strict proof on the renormalizability of this new quantum 
theory of gravity is given in this paper. After that, we will discuss some theoretical 
predictions of this new quantum theory of gravity. In this chapter, we will find that 
some puzzles which can not be explained in traditional theory can be explained by 
this new quantum gauge theory of gravity. These explanations can be regarded as 
the second test of the new theory. I hope that the effort made in this paper will be 
beneficial to our understanding on the quantum aspects of gravitational field. The 
relationship between this new quantum theory of gravity and traditional canonical 
quantum gravity or superstring theory is not study now, and I hope that this work 
will be done in the near future. Because the new quantum theory of gravity is log- 
ically independent of traditional quantum gravity, we need not discuss traditional 
quantum gravity first. Anyone who is familiar with traditional non-Abel gauge field 
theory can understand the whole paper. In other words, readers who never study 
anything on traditional quantum gravity can understand this new quantum theory 
of gravity. Now, let's begin our long journey to the realm of logos. 
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2 The Transcendental Foundations 



It is known that action principle is one of the most important fundamental principle 
in quantum field theory. Action principle says that any quantum system is described 
by an action. The action of the system contains all interaction information, contains 
all information of the fundamental dynamics. The least of the action gives out the 
classical equation of motion of a field. Action principle is widely used in quantum 
field theory. We will accept it as one of the most fundamental principles in this new 
quantum theory of gravity. The rationality of action principle will not be discussed 
here, but it is well know that the rationality of the action principle has already been 
tested by a huge amount of experiments. However, this principle is not a special 
principle for quantum gravity, it is a ubiquitous principle in quantum field theory. 
Quantum gravity discussed in this paper is a kind of quantum field theory, it's nat- 
urally to accept action principle as one of its fundamental principles. 

We need a special fundamental principle to introduce quantum gravitational field, 
which should be the foundation of all kinds of fundamental interactions in Nature. 
This special principle is gauge principle. In order to introduce this important princi- 
ple, let's first study some fundamental laws in some fundamental interactions other 
than gravitational interactions. Wc know that, except for gravitational interactions, 
there are strong interactions, electromagnetic interactions and weak interactions, 
which are described by quantum chromodynamics, quantum electrodynamics and 
unified elcctroweak theory respectively. Let's study these three fundamental inter- 
actions one by one. 

Quantum electrodynamics (QED) is one of the most successful theory in physics 
which has been tested by most accurate experiments. Let's study some logic in QED. 
It is know that QED theory has U{1) gauge symmetry. According to Noether's 
theorem, there is a conserved charge corresponding to the global U{1) gauge trans- 
formations. This conserved charge is just the ordinary electric charge. On the other 
hand, in order to keep local U{1) gauge symmetry of the system, we had to introduce 
aU{l) gauge field, which transmits electromagnetic interactions. This U{1) gauge 
field is just the well-know electromagnetic field. The electromagnetic interactions 
between charged particles and the dynamics of electromagnetic field are completely 
determined by the requirement of local U{1) gauge symmetry. The source of this 
electromagnetic field is just the conserved charge which is given by Noether's theo- 
rem. After quantization of the field, this conserved charge becomes the generator of 
the quantum U{1) gauge transformations. The quantum U{1) gauge transformation 
has only one generator, it has no generator other than the quantum electric charge. 

Quantum chromodynamics (QCD) is a prospective fundamental theory for strong 
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interactions. QCD theory has SU (3) gauge symmetry. The global SU (3) gauge sym- 
metry of the system gives out conserved charges of the theory, which are usually 
called color charges. The local SU{^) gauge symmetry of the system requires in- 
troduction of a set of S'f/(3) non-Abel gauge fields, and the dynamics of non-Abel 
gauge fields and the strong interactions between color charged particles and gauge 
fields are completely determined by the requirement of local SU (3) gauge symmetry 
of the system. These SU (3) non-Abel gauge fields are usually call gluon fields. The 
sources of gluon fields are color charges. After quantization, these color charges 
become generators of quantum SU{3) gauge transformation. Something which is 
different from U{1) Abel gauge symmetry is that gauge fields themselves carry color 
charges. 

Unified electroweak model is the fundamental theory for electroweak interac- 
tions. Unified electroweak model is usually called the standard model. It has 
SU{2)l X U{1)y symmetry. The global SU{2)i x U{1)y gauge symmetry of the 
system also gives out conserved charges of the system. The requirement of local 
SU{2)l X U{1)y gauge symmetry needs introducing a set of SU{2) non-Abel gauge 
fields and one C/(l) Abel gauge field. These gauge fields transmit weak interactions 
and electromagnetic interactions, which correspond to intermediate gauge bosons 
W^, and photon. The sources of these gauge fields arc just the conserved Noether 
charges. After quantization, these conserved charges become generators of quantum 
SU{2)l X U{1)y gauge transformation. 

QED, QCD and the standard model are three fundamental theories of three 
kinds of fundamental interactions. Now we want to summarize some fundamental 
laws of Nature on interactions. Let's first ruminate over above discussions. Then we 
will find that our formulations on three different fundamental interaction theories 
are almost completely the same, that is the global gauge symmetry of the system 
gives out conserved Noether charges, in order to keep local gauge symmetry of the 
system, we have to introduce gauge field or a set of gauge fields, these gauge fields 
transmit interactions, and the source of these gauge fields are the conserved charges 
and these conserved Noether charges become generators of quantum gauge transfor- 
mations after quantization. These will be the main content of gauge principle. 

Before we formulate gauge principle formally, we need to study something more 
on symmetry. It is know that not all symmetries can be localized, and not all sym- 
metries can be regarded as gauge symmetries and have corresponding gauge fields. 
For example, time reversal symmetry, space refiection symmetry, • • • are those kinds 
of symmetries. We can not find any gauge fields or interactions which correspond 
to these symmetries. It suggests that symmetries can be divided into two different 
classes in nature. Gauge symmetry is a special kind of symmetry which has the fol- 
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lowing properties: 1) it can be localized; 2) it has some conserved charges related to 
it; 3) it has a kind of interactions related to it; 4) it is usually a continuous symme- 
try. This symmetry can completely determine the dynamical behavior of a kind of 
fundamental interactions. For the sake of simplicity, wc call this kind of symmetry 
dynamical symmetry or gauge symmetry. Any kind of fundamental interactions has 
a gauge symmetry corresponding to it. In QED, the U{1) symmetry is a gauge sym- 
metry, in QCD, the color SU (3) symmetry is a gauge symmetry and in the standard 
model, the SU{2)l x U{1)y symmetry is also a gauge symmetry. The gravitational 
gauge symmetry which we will discuss below is also a kind of gauge symmetry. The 
time reversal symmetry and space reflection symmetry are not gauge symmetries. 
Those global symmetries which can not be localized are not gauge symmetries ei- 
ther. Gauge symmetry is a fundamental concept for gauge principle. 

Gauge principle can be formulated as follows: Any kind of fundamental inter- 
actions has a gauge symmetry corresponding to it; the gauge symmetry completely 
determines the forms of interactions. In principle, the gauge principle has the fol- 
lowing four different contents: 

1. Conservation Law: the global gauge symmetry gives out conserved current 
and conserved charge; 

2. Interactions: the requirement of the local gauge symmetry requires intro- 
duction of gauge field or a set of gauge fields; the interactions between gauge 
fields and matter fields are completely determined by the requirement of local 
gauge symmetry; these gauge fields transmit the corresponding interactions; 

3. Source: qualitative speaking, the conserved charge given by global gauge 
symmetry is the source of gauge field; for non-Abel gauge field, gauge field is 
also the source of itself; 

4. Quantum Transformation: the conserved charges given by global gauge 
symmetry become generators of quantum gauge transformation after quanti- 
zation, and for this kind of of interactions, the quantum transformation can 
not have generators other than quantum conserved charges given by global 
gauge symmetry. 

It is known that conservation law is the objective origin of gauge symmetry, so 
gauge symmetry is the exterior exhibition of the interior conservation law. The 
conservation law is the law that exists in fundamental interactions, so fundamen- 
tal interactions are the logic precondition and foundation of the conservation law. 
Gauge principle tells us how to study conservation law and fundamental interactions 
through symmetry. Gauge principle is one of the most important transcendental fun- 
damental principles for all kinds of fundamental interactions in Nature; it reveals 
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the common nature of all kinds of fundamental interactions in Nature. It is also the 
transcendental foundation of the quantum gravity which is formulated in this paper. 
It will help us to select the gauge symmetry for quantum gravitational theory and 
help us to determine the Lagrangian of the system. In a meaning, we can say that 
without gauge principle, we can not set up this new renormalizable quantum gauge 
theory of gravity. 

Another transcendental principle that widely used in quantum field theory is the 
microscopic causality principle. The central idea of the causality principle is that 
any changes in the objective world have their causation. Quantum field theory is 
a relativistic theory. It is know that, in the special theory of relativity, the limit 
spread speed is the speed of light. It means that, in a definite reference system, the 
limit spread speed of the causation of some changes is the speed of light. Therefore, 
the special theory of relativity exclude the possibility of the existence of any kinds 
of non-local interactions in a fundamental theory. Quantum field theory inherits 
this basic idea and calls it the microscopic causality principle. There are several 
expressions of the microscopic causality principle in quantum field theory. One 
expression say that two events which happen at the same time but in different space 
position are two independent events. The mathematical formulation for microscopic 
causality principle is that 

[o,ix,t) , O2(y,t)]^o, (2.1) 

when Xyi^y. In the above relation, Oi{x,t) and 02{y,t) are two different arbitrary 
local bosonic operators. Another important expression of the microscopic causality 
principle is that, in the Lagrangian of a fundamental theory, all operators appear 
in the same point of space-time. Gravitational interactions are a kind of physical 
interactions, the fundamental theory of gravity should also obey microscopic causal- 
ity principle. This requirement is realized in the construction of the Lagrangian for 
gravity. We will require that all field operators in the Lagrangian should be at the 
same point of space-time. 

Because quantum field theory is a kind of relativistic theory, it should obey 
some fundamental principles of the special theory of relativity, such as principle of 
special relativity and principle of invariance of light speed. These two principles 
conventionally exhibit themselves through Lorentz invariance. So, in constructing 
the Lagrangian of the quantum theory of gravity, we require that it should have 
Lorentz invariance. This is also a transcendental requirement for the quantum the- 
ory of gravity. But what we treat here that is different from that of general relativity 
is that we do not localize Lorentz transformation. Because gauge principle forbids 
us to localize Lorentz transformation, asks us only to localize gravitational gauge 
transformation. We will discuss this topic in details later. However, it is important 
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to remember that global Lorentz invariance of the Lagrangian is a fundamental re- 
quirement. The requirement of global Lorentz invariance can also be treated as a 
transcendental principle of the quantum theory of gravity. 

It is well-known that two transcendental principles of general relativity are prin- 
ciple of general relativity and principle of equivalence. It should be stated that, 
in the new gauge theory of gravity, the principle of general relativity appears in 
another way, that is, it realized itself through local gravitational gauge symmetry. 
From mathematical point of view, the local gravitational gauge invariance is just 
the general covariance in general relativity. In the new quantum theory of gravity, 
principle of equivalence plays no role. In other words, we will not accept principle 
of equivalence as a transcendental principle of the new quantum theory of gravity, 
for gauge principle is enough for us to construct quantum theory of gravity. We will 
discuss something more about principle of equivalence later. 



3 Gravitational Gauge Group 

Before we start our mathematical formulation of gravitational gauge theory, we 
have to determine which group is the gravitational gauge group, which is the start- 
ing point of the whole theory. It is know that, in the traditional quantum gauge 
theory of gravity, Lorentz group is localized. We will not follow this way, for it 
contradicts with gauge principle. Now, we use gauge principle to determine which 
group is the exact group for gravitational gauge theory. 

Some of the most important properties of gravity can be seen from Newton's 
classical gravity. In this classical theory of gravity, gravitational force between two 
point objects is given by: 

f-Gr^ (3.1) 

with mi and m2 masses of two objects, r the distance between two objects. So, grav- 
ity is proportional to the masses of both objects, in other words, mass is the source 
of gravitational field. In general relativity, Einstein's gravitational equation is the 
equation which gives out the relation between energy-momentum tensor and space- 
time curvature, which is essentially the relation between energy-momentum tensor 
and gravitational field. In the Einstein's gravitational equation, energy-momentum 
is treated as the source of gravity. This opinion is inherited in the new quantum the- 
ory gauge of gravity. In other words, the starting point of the new quantum gauge 
theory of gravity is that the energy-momentum is the source of gravitational field. 
According to rule 3 and rule 1 of gauge principle, we know that, energy-momentum 
is the conserved charges of the corresponding global symmetry, which is just the 
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symmetry for gravity. According to quantum field theory, energy-momentum is the 
conserved charge of global space-time translation, the corresponding conserved cur- 
rent is energy-momentum tensor. Therefore, the global space-time translation is 
the global gravitational gauge transformation. According to rule 4, we know that, 
after quantization, the energy-momentum operator becomes the generator of grav- 
itational gauge transformation. It also states that, except for energy-momentum 
operator, there is no other generator for gravitational gauge transformation, such 
as, angular momentum operator M^,^ can not be the generator of gravitational gauge 
transformation. This is the reason why we do not localize Lorentz transformation in 
this new quantum gauge theory of gravity, for the generator of Lorentz transforma- 
tion is not energy-momentum operator. According to rule 2 of gauge principle, the 
gravitational interactions will be completely determined by the requirement of the 
local gravitational gauge symmetry. These are the basic ideas of the new quantum 
gauge theory of gravity, and they are completely deductions of gauge principle. 

We know that the generator of Lorentz group is angular momentum operator 
M^,^. If we localize Lorentz group, according to gauge principle, angular momentum 
will become source of a new filed, which transmits direct spin interactions. This 
kind of interactions docs not belong to traditional Newton-Einstein gravity. It is 
a new kind of interactions. Up to now, we do not know that whether this kind 
of interactions exists in Nature or not. Besides, spin-spin interaction is a kind of 
non-renormalizable interaction. In other words, a quantum theory which contains 
spin-spin interaction is a non-renormalizable quantum theory. For these reasons, we 
will not localize Lorentz group in this paper. We only localize translation group in 
this paper. We will find that go along this way, we can set up a consistent quan- 
tum gauge theory of gravity which is renormalizable. In other words, only localizing 
space-time translation group is enough for us to set up a consistent quantum gravity. 

From above discussions, we know that, from mathematical point of view, gravita- 
tional gauge transformation is the inverse transformation of space-time translation, 
and gravitational gauge group is space-time translation group. Suppose that there 
is an arbitrary function (f){x) of space-time coordinates x'^. The global space-time 
translation is: 



x'" ^x'' + e". 
The corresponding transformation for function ^(x) is 



(3.2) 




(3.3) 



According to Taylor series expansion, we have: 




(3.4) 
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where 

= (3.5) 



Let's define a special exponential operation here. Define 



^ 1 + ^ -a^^ ...a^^.h,,--- h,^. (3.6) 



oo 



1 



n=l 



This definition is quite different from that of ordinary exponential function. In 
general cases, operators and 6^ do not commutate each other, so 

^a'^-b^ _^ ^b^-a"^ (3.7) 

where e"^'^^ is the ordinary exponential function whose definition is 



■''-^i + ErrK^-^MJ -^mJ- (3-9) 



n=l 



If operators and commutate each other, we will have 

^o-^-b^ = E^^-"'^ (3.10) 

(3.11) 



The translation operator C/g can be defined by 



°° (-1)" 

U, = 1 + Y: ^—r^'' ■ ■ ■ ^""^m ■■■d.r.- (3.12) 

n=l 

Then we have 

(f){x-e)^{U,(f){x)). (3.13) 

In order to have a good form which is similar to ordinary gauge transformation 
operators, the form of can also be written as 

= E-'"'-^'^, (3.14) 

where 

A = -i^. (3.15) 

is just the energy-momentum operator in space-time coordinate space. In the 
definition of tj^ of eq.(3.14), can be independent of of space-time coordinate or a 
function of space-time coordinate, in a ward, it can be any functions of space time 
coordinate x. 

Some operation properties of translation operator C/^ are summarized below. 
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1. Operator tj^ translate the space-time point of a field from a; to a; — e, 

(t>{x-e)^{U4{x)), (3.16) 

where can be any function of space-time coordinate. This relation can also 
be regarded as the definition of the translation operator U^. 

2. If e is a function of space-time coordinate, that is 9^e^ ^ 0, then 

= ^-i^^-^M ^ E-'^^-'\ (3.17) 

and 

= ^--"-^M ^ e-'''-^^. (3.18) 
If e is a constant, that is d^e^ = 0, then 

U, = ^ E-'^'^-''', (3.19) 

and 



' e 



3. Suppose that (pi{x) and (j)2{x) are two arbitrary functions of space-time coor- 
dinate, then we have 

(UeiM^) ■ M^))) = (UeM^)) ■ (UeM^)) (3-21) 

4. Suppose that and are two arbitrary operators in Hilbert space, A is an 
arbitrary ordinary c- number which is commutate with operators A'^ and i?^, 
then we have 

dA 

5. Suppose that e is an arbitrary function of space-time coordinate, then 

{dM = -i{d^.e^)UeP.. (3.23) 

6. Suppose that ^4'^ and Bf^ are two arbitrary operators in Hilbert space, then 

triE^'-^'^E-''^-^'') = trl, (3.24) 
where tr is the trace operation and I is the unit operator in the Hilbert space. 

7. Suppose that A^^ and are three operators in Hilbert space, but operators 

and commutate each other: 

[A^' , C^] - 0, (3.25) 

then 

t^^E^^-B.^B.-C'^^ = ir(£;(^^+^^>^'')- (3.26) 
13 



8. Suppose that A^, and are three operators in Hilbert space, they satisfy 

[B, , CI = 0, ^'^■'^> 

then 

9. Suppose that A^^, B^ and C'^ are three operators in Hilbert space, they satisfy 

[A^ , = 0, 

[[B, , CI , AP] = 0, (3.29) 

[[B, , CI , C] = 0, 

then, 

^ ^ ^ C'^jE^"'^^ B,. (3.30) 

10. Suppose that U^^ and t/gj arbitrary translation operators, define 

U,,^lf,,-U,„ (3.31) 

then, 

e^ix) = e^{x)+etix-e2ix)). (3.32) 

This property means that the product to two translation operator satisfy clo- 
sure property, which is one of the conditions that any group must satisfy. 

11. Suppose that t/g is a non-singular translation operator, then 

fj-l ^ ^ie^{f{x))-P, ^ (3 33) 

where J{x) is defined by the following relations: 

f{x - e{x)) = x. (3.34) 
is the inverse operator of t/^, so 

(j-^U^ = U,U-^ = 1, (3.35) 
where 1 is the unit element of the gravitational gauge group. 

12. The product operation of translation also satisfies associative law. Suppose 
that C/g^ , t/e2 s-iid i/g3 are three arbitrary translation operators, then 

U,,-{U,,-U,,)^{U,,-U,,)-U,,. (3.36) 
14 



13. Suppose that is an arbitrary translation operator and 0(a;) is an arbitrary 
function of space-time coordinate, then 

U,<P{x)Ur^^f{x-e{x)). (3.37) 

This relation is quite useful in following discussions. 

14. Suppose that is an arbitrary translation operator. Define 

d{x — e{x))l^ 



(3.39) 



,_ d{x- e{x)Y 

dx^ 

They satisfy 

A,'^A\ = 5i^, (3.40) 

A/A^ = <^;:. (3.41) 
Then we have following relations: 

U^Patlr' = A\Pf3, (3.42) 

Uedx^t/-^ = "dx'^. (3.43) 

These give out the the transformation laws of Pq, and dx°' under local gravi- 
tational gauge transformations. 

Gravitational gauge group (GGG) is a transformation group which consists of 
all non-singular translation operators U^. We can easily see that gravitational gauge 
group is indeed a group, for 

1. the product of two arbitrary non-singular translation operators is also a non- 
singular translation operator, which is also an element of the gravitational 
gauge group. So, the product of the group satisfies closure property which is 
expressed in eq(3.31); 

2. the product of the gravitational gauge group also satisfies the associative law 
which is expressed in eq(3.36); 

3. the gravitational gauge group has its unit element 1, it satisfies 

l-Ue^Ue-l = Ue; (3.44) 

4. every non-singular element has its inverse element which is given by eqs(3.33) 
and (3.35). 
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According to gauge principle, the gravitational gauge group is the symmetry of grav- 
itational interactions. The global invariance of gravitational gauge transformation 
will give out conserved charges which is just the ordinary energy-momentum; the 
requirement of local gravitational gauge invariance needs introducing gravitational 
gauge field, and gravitational interactions are completely determined by the local 
gravitational gauge invariance. 

The generators of gravitational gauge group is just the energy-momentum oper- 
ators Pa- This is required by gauge principle. It can also be seen from the form of 
infinitesimal transformations. Suppose that e is an infinitesimal quantity, then we 
have 

[/, ~ 1 - ie"Pa- (3.45) 

Therefore, 

# Uo (3.46) 

gives out generators of gravitational gauge group. It is known that generators of 
gravitational gauge group are commute each other 

[Pa , Pp]=0. (3.47) 

However, the commutation property of generators does not mean that gravitational 
gauge group is an Abel group, because two general elements of gravitational gauge 
group do not commute: 

[Ue, , Ue,]^0. (3.48) 

Gravitational gauge group is a kind of non-Abel gauge group. The non-Able nature 
of gravitational gauge group will cause self-interactions of gravitational gauge field. 



In order to avoid confusion, we need to pay some attention to some differences 
between two concepts: space-time translation group and gravitational gauge group. 
Generally speaking, space-time translation is a kind of coordinates transformation, 
that is, the objects or fields in space-time are kept fixed while the space-time coor- 
dinates that describe the motion of objective matter undergo transformation. But 
gravitational gauge transformation is a kind of system transformation rather than 
a kind of coordinates transformation. In system transformation, the space-time co- 
ordinate system is kept unchanged while objects or fields undergo transformation. 
Prom mathematical point of view, space-time translation and gravitational gauge 
transformation are essentially the same, and the space-time translation is the inverse 
transformation of the gravitational gauge transformation; but from physical point of 
view, space-time translation and gravitational gauge transformation are quite differ- 
ent, especially when we discuss gravitational gauge transformation of gravitational 
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gauge field. For gravitational gauge field, its gravitational gauge transformation is 
not the inverse transformation of its space-time translation. In a meaning, space- 
time translation is a kind of mathematical transformation, which contains little 
dynamical information of interactions; while gravitational gauge transformation is a 
kind of physical transformation, which contains all dynamical information of interac- 
tions and is convenient for us to study physical interactions. Through gravitational 
gauge symmetry, we can determine the whole gravitational interactions among var- 
ious kinds of fields. This is the reason why we do not call gravitational gauge 
transformation space-time translation. This is important for all of our discussions 
on gravitational gauge transformations of various kinds of fields. 

Suppose that (f){x) is an arbitrary scalar field. Its gravitational gauge transfor- 
mation is 

^ <f>'{x) = (UeHx)). (3.49) 

Similar to ordinary SU{N) non-able gauge field theory, there are two kinds of scalars. 
For example, in chiral perturbative theory, the ordinary tt mesons are scalar fields, 
but they are vector fields in isospin space. Similar case exists in gravitational gauge 
field theory. A Lorentz scalar can be a scalar or a vector or a tensor in the space 
of gravitational gauge group. If 0(a;) is a scalar in the space of gravitational gauge 
group, we just simply denote it as (f){x) in gauge group space. If it is a vector in the 
space of gravitational gauge group, it can be expanded in the gravitational gauge 
group space in the following way: 

= r(x) ■ Pa. (3.50) 

The transformation of component field is 

(/)°(a;) ^ 0'"(a;) = A"" ^Ue(p^{x)U-\ (3.51) 

The important thing that we must remember is that, the a index is not a Lorentz 
index, it is just a group index. For gravitation gauge group, it is quite special that 
a group index looks like a Lorentz index. We must be carefully on this important 
thing. This will cause some fundamental changes on quantum gravity. Lorentz 
scalar 0(x) can also be a tensor in gauge group space, suppose that it is a nth order 
tensor in gauge group space, then it can be expanded as 

0(x) = r--"(x)-P«,---P,,„. (3.52) 

The transformation of component field is 

0ai-a„^^^ ^ (/)'°i-°"(x) = • • • A%^J7,/i-^"(a;)i7-^ (3.53) 
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If is a spinor field, the above discussion is also valid. That is, a spinor can 
also be a scalar or a vector or a tensor in the space of gravitational gauge group. 
The gravitational gauge transformations of the component fields are also given by 
eqs. (3.49-53). There is no transformations in spinor space, which is different from 
that of the Lorentz transformation of a spinor. 

Suppose that A^{x) is an arbitrary vector field. Here, the index is a Lorentz 
index. Its gravitational gauge transformation is: 

A,{x) ^ A'^ix) = (U^A^ix)). (3.54) 

Please remember that there is no rotation in the space of Lorentz index yU, while in 
the general coordinates transformations of general relativity, there is rotation in the 
space of Lorentz index //,. The reason is that gravitational gauge transformation is 
a kind of system transformation, while in general relativity, the general coordinates 
transformation is a kind of coordinates transformation. If Ai^{x) is a scalar in the 
space of gravitational gauge group, eq(3.54) is all for its gauge transformation. If 
Aij,{x) is a vector in the space of gravitational gauge group, it can be expanded as: 

A^(x) = A^(x) • Pa. (3.55) 

The transformation of component field is 

A'^^ix) ^ A'^ix) = A%U,A/ix)Ur\ (3.56) 

If Ai^{x) is a nth order tensor in the space of gravitational gauge group, then 

^^(a:)=^~(x)- 4,- (3.57) 

The transformation of component fields is 

A^--"(a;) ^ A'^----{x) = ■ ■ ■ A%U,A^--^-{x)Ur\ (3.58) 

Therefore, under gravitational gauge transformations, the behavior of a group in- 
dex is quite different from that of a Lorentz index. However, they have the same 
behavior in global Lorentz transformations. 



Generally speaking, suppose that Tj^^,\\'^^{x) is an arbitrary tensor, its gravita- 
tional gauge transformations are: 

T^::-») - Ti^,^:Z^{x) = {iJeTi^i:::z{^)). (3.59) 

If it is a pth order tensor in group space, then 

T!^i::») = ^""■■"^(^) • • • • P.,. (s.eo) 
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The transformation of component fields is 



Finally, we give definitions of three useful tensors. ri2 is a Lorentz scalar, but it 
is a second order tensor in group space. That is, 

V2 = vf ■ PaPp. (3.62) 
The gravitational gauge transformation of 172 is 

ri2^ri'2 = {UeTl2). (3.63) 
The transformation of component field is 

r^f ^ = .A\AvT''U:' ■ (3.64) 

As a symbolic operation, we use 772^ to raise a group index or to descend a group 
index. Covariant group metric tensor ri2a(3 is defined by 

ri2apV2' = Vl'^mpa = (3.65) 

In a special representation of gravitational gauge group, 772^^ is selected to be diag- 
onal, that is: 

% I !' (3.66) 

= i> 

and other components of r/2^ vanish. Group index of Pa is raised by 7^2^. that is 



= (3.67) 

Eq.(3.66) is the simplest choice for 7720/3. In this choice, the equation of motion of 
gravitational gauge field has the simplest expressions. Another choice for ri2^ is 
given by the following relation [P^], 

rif = g'^^ = v'^iS'-, - gC^.M - gC^u), (3.68) 

where r]'^'^ is the Minkowski metric, and is the gravitational gauge field which will 
be introduced in the next chapter. If we use eq.(3.68) to construct the lagrangian of 
gravitational system, the equation of motion of gravitational field will be much more 
complicated than that of choice eq.(3.66)[|23. Eq.(3.68) is a possible choice. Because 
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of the traditional belief that fundamental theory of fundamental interactions should 
be simple, we will choose the simplest choice which has the most beautiful form in 
this paper. In other words, in this paper, we select eq.(3.66) to be the definition of 
772^. T]2^ is not the metric in gravitational gauge group space when we use eq.(3.66) 
as definition, it is only a mathematical notation. 

rii is a Lorentz vector. It is also a vector in the space of gravitational gauge 
group. 

< = (3.69) 

For Tyf^, the index // is a Lorentz index and the index a is a group index. The 
gravitational gauge transformation of r]1 is 

vt^r,T = {U.r,^i). (3.70) 
The transformation of its component field is 

v'.o.^-nt-K^Uev'ipU:'. (3.71) 

In a special coordinate system and a special representation of gravitational gauge 
group, r]i^ is selected to be 5-function, that is 

< = '^^ (3.72) 



77'^'' is a second order Lorentz tensor, but it is a scalar in group space. It is the 
metric of the coordinate space. A Lorentz index can be raised or descended by this 
metric tensor. In a special coordinate system, it is selected to be: 



^0 


_ 


-1, 


^1 


1 _ 


1, 


rf 


2 _ 


1, 




CO 


1, 



(3.73) 



and other components of rj'^'^ vanish, rj'^'' is the traditional Minkowski metric. 



4 Pure Gravitational Gauge Fields 

Before we study gravitational field, we must determine which field represents grav- 
itational field. In the traditional gravitational gauge theory, gravitational field is 
represented by space-time metric tensor. If there is gravitational field in space-time. 
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the space-time metric will not be equivalent to Minkowski metric, and space-time 
will become curved. In other words, in the traditional gravitational gauge theory, 
quantum gravity is formulated in curved space-time. In this paper, we will not 
follow this way. The underlying point of view of this new quantum gauge theory 
of gravity is that gravitational field is represented by gauge potential, and curved 
space-time is considered to be a classical effect of macroscopic gravitational field. 
When we study quantum gravity, which mainly concerns microscopic gravitational 
interactions, we will not inherit the conception of curved space-time. In other words, 
if we put gravity into the structure of space-time, the space-time will become curved 
and there will be no physical gravity in space-time, because all gravitational cfi^ects 
are put into space-time metric and gravity is geometrized. But if we study physical 
gravitational interactions, it is better to rescue gravity from space-time metric and 
treat gravity as a physical field. In this case, space-time is fiat and there is physical 
gravity in Minkowski space-time. For this reason, wc will not introduce the concept 
of curved space-time to study quantum gravity in this paper. The space-time is 
always fiat, gravitational field is represented by gauge potential and gravitational 
interactions are always treated as physical interactions. This point of view will be 
discussed again later. Besides, according to gauge principle, it is required that grav- 
itational field is represented by gauge potential. 

Now, let's begin to construct the Lagrangian of gravitational gauge theory. For 
the sake of simplicity, let's suppose that (f){x) is a Lorentz scalar and gauge group 
scalar. According to above discussions. Its gravitational gauge transformation is: 

(P{x) ^ (P'{x) = {U,(t>{x)). (4.1) 

Because 

{dA) + 0, (4.2) 

partial differential of 0(x) does not transform covariantly under gravitational gauge 
transformation : 

d^'^ix) ^ d^^{x) ^ (f/,9^0(x)). (4.3) 

In order to construct an action which is invariant under local gravitational gauge 
transformation, gravitational gauge covariant derivative is highly necessary. The 
gravitational gauge covariant derivative is defined by 

D^ = d^-igC^{x), (4.4) 

where C^{x) is the gravitational gauge field. It is a Lorentz vector. Under gravita- 
tional gauge transformations, it transforms as 

C^{x) ^ C'^{x) = U,{x)C,{x)Ur'{x) + -U,{x){d,Ur\x)). (4.5) 
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Using the original definition of ?7g, we can strictly proved that 

[d, , U,]^{dM. (4.6) 

Therefor, we have 

Ued^Ur' ^d^ + Ueid^Ur'): (4-7) 

U,D,U:' = d,-igC'^{x). (4.8) 
So, under local gravitational gauge transformations, 

D,<l>{x) ^ D'^<f>'{x) = {UeD,<l>{x)), (4.9) 

D^{x) ^ D'^ix) = U,D^{x)U:\ (4.10) 



Gravitational gauge field C^(a;) is vector field, it is a Lorentz vector. It is also 
a vector in gauge group space, so it can be expanded as linear combinations of 
generators of gravitational gauge group: 

C,{x) = C;{x) ■ P„. (4.11) 

are component fields of gravitational gauge field. They looks like a second rank 
tensor. But according to our previous discussion, they are not tensor fields, they 
are vector fields. The index a is not a Lorentz index, it is just a gauge group 
index. Gravitational gauge field has only one Lorentz index, so it is a kind of 
vector field. This is an inevitable results of gauge principle. The gravitational gauge 
transformation of component fields is: 

C;{x) - C'^^x) = A%(f7,C^(x)) - -^{tj.d.e'^iy)), (4.12) 

where y is a function of space-time coordinates which satisfy: 

{UMx))^x. (4.13) 



The strength of gravitational gauge field is defined by 

F,,= ^[D^ , D,], (4.14) 

or 

F^,. = d^C,{x) - d,C^{x) - igC^{x)C,{x) + igC,{x)C^{x). (4.15) 
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F^iy is a second order Lorentz tensor. It is a vector is group space, so it can be 
expanded in group space, 

= ■ P„. (4.16) 
The explicit form of component field strengths is 

F^u = d,C: - d.C; - gC%C: + gCldf^Cl (4.17) 

The strength of gravitational gauge fields transforms covariantly under gravitational 
gauge transformation: 

^ = V.F,,tJ:\ (4.18) 
The gravitational gauge transformation of the field strength of component field is 

F^.^F';, = A^p{U,Fp. (4.19) 



Similar to traditional gauge field theory, the kinematical term for gravitational 
gauge field can be selected as 

^0 = -\v'''v''''V2 af^F^^F^^. (4.20) 

We can easily prove that this Lagrangian does not invariant under gravitational 
gauge transformation, it transforms covariantly 

Co ^ C'o = (UXo). (4.21) 



In order to resume the gravitational gauge symmetry of the action, we introduce 
an extremely important factor, whose form is 

J(C)=e^(^) = e^''M, (4.22) 

where 

nC) = 9VLC^- (4.23) 
The choice of J{C) is not unique[p7|. another choice of J{C) is 

J(C) = ^-detg^f,, (4.22a) 

where ga/s is given by eq.(9.30). Under gravitational gauge transformations, gap 
transforms as 

gap g'ap = ^cT'^/^fi'ai/Si- 
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Then J{C) transforms as 



J{C)^J'{C') = J-{U,J{C)), 

where J is the Jacobian of the transformation. Eq.(4.22) gives out the simplest and 
most natural choice for J{C), and in this case, the equation of motion of gravitational 
gauge field has simplest and most explicit expressions. Because of the traditional 
belief that fundamental theory of fundamental interactions should be simple, we will 
choose the simplest choice which has the most beautiful form in this paper. On the 
other hand, the choice given by eq.(4.22) can make the whole theory renormalizable, 
therefore we use eq.(4.22) as the definition of J{C) in this paper. In fact, J{C) times 
any gravitational gauge covariant functions of pure gravitational gauge field can 
be regarded as a possible choice of J{C). Some detailed discussions on the second 
choice can be found in literature When we use eq.(4.22) as the definition of 
J(C), then, the Lagrangian for gravitational gauge field is selected as 

C = J{C)Co = e^'^^'^Co, (4.24) 
and the action for gravitational gauge field is 

S = J d^xC. (4.25) 

It can be proved that this action has gravitational gauge symmetry. In other words, 
it is invariant under gravitational gauge transformation, 

S ^S' = S. (4.26) 

In order to prove the gravitational gauge symmetry of the action, the following 
relation is important, 

J d'xJ{UJ{x)) = J d'xfix), (4.27) 

where f{x) is an arbitrary function of space-time coordinate and J is the Jacobian 
of the corresponding transformation, 

J = det{^^^). (4.28) 



According to gauge principle, the global gauge symmetry will give out conserved 
charges. Now, let's discuss the conserved charges of global gravitational gauge trans- 
formation. Suppose that is an infinitesimal constant 4-vector. Then, in the first 
order approximation, we have 

f/^ = l-e"a„ + o(e2)_ (429) 
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The first order variation of tlie gravitational gauge field is 

5C^(x) = -e^^^.C;, (4.30) 
and the first order variation of action is: 

6S^ Jd'xe-d^Tt,, (4.31) 

where T-^ is the inertial energy-momentum tensor, whose definition is 

^ ^'^""H-^^^a^.^ + S'a^o). (4.32) 

It is a conserved current, 

d,Tt^ = 0. (4.33) 

Except for the factor e^^'^^ the form of the inertial energy-momentum tensor is al- 
most completely the same as that in the traditional quantum field theory. It means 
that gravitational interactions will change energy-momentum of matter fields, which 
is what we expected in general relativity. 

The Euler-Lagrange equation for gravitational gauge field is 

This form is completely that same as what we have ever seen in quantum field theory. 
But if we insert eq.(4.24) into it, we will get 

Eq.(4.17) can be changed into 

C = (D.C^) - (DuC;), (4.36) 

so the Lagrangian Co depends on gravitational gauge fields completely through its 
covariant derivative. Therefore, 



daC^. (4.37) 



Using the above relations and 



- -n^^n'^^n^^pFl - grj^Y^rj^a^F^rC^, (4.38) 
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the above equation of motion of gravitational gauge fields are changed into: 

+9dM,C;)^ (4.39) 

If we define 

-dM,C;)^ (4.40) 

Then we can get a simpler form of equation of motion, 

d,{ri^'ri''^ri,^pFi) = -gT^^. (4.41) 
Tg^ is also a conserved current, that is 

duT^a = 0, (4.42) 

because 

d,d^{r]^^r,-^r]2apF^Xr) = 0. (4.43) 
Tg^ is called gravitational energy-momentum tensor, which is the source of grav- 
itational gauge field. Now we get two different energy-momentum tensors, one is 
the inertial energy-momentum tensor T^^ and another is the gravitational energy- 
momentum tensor T^^. They are similar, but they are different.The inertial energy- 
momentum tensor is given by conservation law which is associate with global 
gravitational gauge symmetry, it gives out an energy-momentum 4-vector: 



p. 



jd?x Tl. (4.44) 



It is a conserved charges. 



^Pia = 0. (4.45) 
The time component of Pia, that is PjO; gives out the Hamiltonian H of the system, 

H^-Pio = Jd'x e^(^)« cl -Co)- (4.46) 

According to our conventional belief, H should be the inertial energy of the system, 
therefore Pia is the inertial energy-momentum of the system. The gravitational 
energy-momentum is given by equation of motion of gravitational gauge field, it is 
also a conserved current. The space integration of the time component of it gives 
out a conserved energy-momentum 4-vector, 



p 



jd'x T^. (4.47) 
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It is also a conserved charge, 

= 0. (4.48) 

The time component of it just gives out the gravitational energy of the system. This 
can be easily seen. Set v and a in eq.(4.41) to 0, we get 

d'F^, = -gT^,. (4.49) 

The field strength of gravitational field is defined by 

W = -Fl (4.50) 

The space integration of eq.(4.49) gives out 

^da-E^gJ d^xT^,. (4.51) 

According to Newton's classical theory of gravity, / d^ a; T^q in the right hand term 
is just the gravitational mass of the system. Denote the gravitational mass of the 
system as Mg, that is 

Mg = - [d'x T^o. (4.52) 



Then eq(4.51) is changed into 

' da ■ E= -gMg. (4.53) 



This is just the classical Newton's law of universal gravitation. It can be strictly 
proved that gravitational mass is different from incrtial mass. They are not equiv- 
alent. But their difference is at least second order infinitesimal quantity if the 
gravitational field and the gravitational coupling constant g are all first order 
infinitesimal quantities, for this difference is proportional to gC^. So, this differ- 
ence is too small to be detected in experiments. But in the environment of strong 
gravitational field, the difference will become relatively larger and will be easier to 
be detected. Much more highly precise measurement of this difference is strongly 
needed to test this prediction and to test the validity of the equivalence principle. 
In the chapter of classical limit of quantum gauge theory of gravity, we will return 
to discuss this problem again. 

Now, let's discuss self-coupling of gravitational field. The Lagrangian of gravi- 
tational gauge field is given by eq(4.24). Because 

e<a^." - 1 + E -^iavLC^.r, (4.54) 

n=l ^■ 
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there arc vcrtexes of n gravitational gauge fields in tree diagram with n can be ar- 
bitrary integer number that is greater than 3. This property is important for renor- 
malization of the theory. Because the coupling constant of the gravitational gauge 
interactions has negative mass dimension, any kind of regular vertex exists diver- 
gence. In order to cancel these divergences, we need to introduce the corresponding 
counterterms. Because of the existence of the vertex of n gravitational gauge fields 
in tree diagram in the non-renormalized Lagrangian, we need not introduce any new 
counterterm which does not exist in the non-renormalized Lagrangian, what we need 
to do is to redefine gravitational coupling constant g and gravitational gauge field 
in renormalization. If there is no e^*^*^^ term in the original Lagrangian, then we 
will have to introduce infinite counterterms in renormalization, and therefore the 
theory is non-renormahzable. Because of the existence of the factor e^'^'^\ though 
quantum gauge theory of gravity looks like a non-renormalizable theory according 
to power counting law, it is indeed renormalizable. In a word, the factor e^^^^ is 
highly important for the quantum gauge theory of gravity. 



5 Gravitational Interactions of Scalar Fields 

Now, let's start to discuss gravitational interactions of matter fields. First, we 
discuss gravitational interactions of scalar fields. For the sake of simplicity, we first 
discuss real scalar field. Suppose that is a real scalar field. The traditional 
Lagrangian for the real scalar field is 

-^>^^d,cpix)d,cPix) - —cj?{x), (5.1) 

where m is the mass of scalar field. This is the Lagrangian for a free real scalar field. 
The Euler-Lagrangian equation of motion of it is 

(ry'^'^a^a, - m'')ct>{x) = 0, (5.2) 

which is the famous Klein-Gordan equation. 

Now, replace the ordinary partial derivative 9^ with gauge covariant derivative 
D^, and add the Lagrangian of pure gravitational gauge field, we get 

1 Tfl ^ 1 

£o = --n''{D^<t>){DA) - —<P' - -r'v''^V2apF^.F^. (5.3) 
The full Lagrangian is selected to be 

C = e^(^)£o, (5.4) 
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and the action S is defined by 

S = Jd'^x L. 



(5.5) 



Using our previous definitions of gauge covariant derivative and strength of 
gravitational gauge field F^^^, we can obtain an explicit form of Lagrangian £, 

L = Lp + Li, (5.6) 

with Lp the free Lagrangian and Li the interaction Lagrangian. Their explicit 
expressions are 

(^F = -^n'^d^mdum - - Iv^'v^^'mapF^l^Fl,, (5.7) 
A = >C^-(E^=i^(^<C-)") 

(5.8) 

where, 

Fo,u = d^C^ - d^C^ (5.9) 

Prom eq.(5.8), we can see that scalar field can directly couples to any number of 
gravitational gauge fields. This is one of the most important interaction properties of 
gravity. Other kinds of interactions, such as strong interactions, weak interactions 
and electromagnetic interactions do not have this kind of interaction properties. 
Because the gravitational coupling constant has negative mass dimension, renor- 
malization of theory needs this kind of interaction properties. In other words, if 
matter field can not directly couple to any number of gravitational gauge fields, the 
theory will be non-renormalizable. 

The symmetries of the theory can be easily seen from eq.(5.3). First, let's dis- 
cuss Lorentz symmetry. In eq.(5.3), some indexes are Lorentz indexes and some are 
group indexes. Lorentz indexes and group indexes have different transformation law 
under gravitational gauge transformation, but they have the same transformation 
law under Lorentz transformation. Therefor, it can be easily seen that both Cq and 
/(C) are Lorentz scalars, the Lagrangian C and action S are invariant under global 
Lorentz transformation. 
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Under gravitational gauge transformations, real scalar field (j){x) transforms as 

<f>{x) ^ <f>'{x) = {Ue<f>{x)), (5.10) 

therefore, 

D,(l>{x) ^ D'^(l>'{x) = {UeD,(l>{x)). (5.11) 
It can be easily proved that Co transforms covariantly 

jCo^jO'o^{U,Co), (5.12) 

and the action eq.(5.5) of the system is invariant, 

S ^S' = S. (5.13) 

Please remember that eq.(4.27) is an important relation to be used in the proof of 
the gravitational gauge symmetry of the action. 

Global gravitational gauge symmetry gives out conserved charges. Suppose that 
tie is an infinitesimal gravitational gauge transformation, it will have the form of 
eq.(4.29). The first order variations of fields are 

SC-{x) = -e-(a,C;(x)), (5.14) 

50(x) = -e"(9,0(x)), (5.15) 

Using Euler-Lagrange equation of motions for scalar fields and gravitational gauge 
fields, we can obtain that 

5S^I d'xe-d^Tt,, (5.16) 

where 

Because action is invariant under global gravitational gauge transformation, 

5S^0, (5.18) 

and e" is an arbitrary infinitesimal constant 4-vector, we obtain, 

d.Tt^ = 0. (5.19) 

This is the conservation equation for inertial energy-momentum tensor. T^^ is the 
conserved current which corresponds to the global gravitational gauge symmetry. 
The space integration of the time component of inertial energy-momentum tensor 
gives out the conserved charge, which is just the inertial energy-momentum of the 
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system. The time component of the conserved charge is the Hamilton of the system, 
which is 

H^-Pio^ Jd^x e'^^^n^ +< ->Co), (5.20) 

where tt^ is the canonical conjugate momentum of the real scalar field. The inertial 
space momentum of the system is given by 



= P. i 



^Jd'x e'^''\-n^di<l> - n^diC^). (5.21) 



According to gauge principle, after quantization, they will become generators of 
quantum gravitational gauge transformation. 

There is an important and interesting relation that can be easily obtained from 
the Lagrangian which is given by eq.(5.3). Define 

= 5^ - gC^- (5.22) 
Then Lagrangian given by eq(5.3) can be changed into 

1 771 ^ 1 

Co = - - -<r7-772a/3F;.if., (5.23) 

where 

= ^M^G-^G^. (5.24) 

g"'!^ is the metric tensor of curved space-time in the classical limit of the quantum 
gauge theory of gravity. We can easily see that, when there is no gravitational field 
in space-time, that is, 

= 0, (5.25) 

the classical space-time will be flat 

g'''^ = 77"^. (5.26) 

This is what we expected in general relativity. We do not talk to much on this 
problem here, for we will discuss this problem again in details in the chapter on the 
classical limit of the quantum gauge theory of gravity. 

Euler-Lagrange equations of motion can be easily deduced from action principle. 
Keep gravitational gauge field fixed and let real scalar field vary infinitesimally, 
then the first order infinitesimal variation of action is 
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Because 6(f) is an arbitrary variation of scalar field, according to action principle, we 

Because of the existence of the factor e^^'-^\ the equation of motion for scalar field is 
quite different from the traditional form in quantum field theory. But the difference 
is a second order infinitesimal quantity if we suppose that both gravitational cou- 
pling constant and gravitational gauge field are first order infinitesimal quantities. 
Because 

-^"^9^0, (5.29) 



dda(t> 

= -m^, (5.30) 



the explicit form of the equation of motion of scalar field is 

g'"'do^dpcl> - + {do^g''^)dpcl> + gg''%dpcl>)d^{r^l^C:) = 0. (5.31) 
The equation of motion for gravitational gauge field is: 

dMS^'n^apFi) = -^r;,, (5.32) 
where is the gravitational energy-momentum tensor, whose definition is: 

(5.33) 

We can see again that, for matter field, its inertial energy- momentum tensor is also 
different from the gravitational energy-momentum tensor, this difference completely 
originate from the influences of gravitational gauge flcld. Compare eq.(5.33) with 
eq.(5.17), and set gravitational gauge field to zero, that is 

D^^ = d^(j), (5.34) 

I{C) = 0, (5.35) 
then we find that two energy-momentum tensors are completely the same: 

Tta = T^c- (5.36) 

It means that the equivalence principle only strictly hold in a space-time where there 
is no gravitational field. In the environment of strong gravitational field, such as in 
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black hole, the equivalence principle will be strongly violated. 



Define 

L = jd^xC^ jd^x e^^^^Co- (5.37) 
Then, we can easily prove that 



= e^^^^^, (5.39) 
S(f) dcf) 



5 a 

Then, Hamilton's action principle gives out the following equations of motion: 



SL 


d ^ 


5L 


d 5L 


5C- 





(5.42) 



0. (5.43) 

These two equations of motion are essentially the same as the Euler-Lagrange equa- 
tions of motion which we have obtained before. But these two equations have more 
beautiful forms. 

The Hamiltonian of the system is given by a Legendre transformation. 



-50 (5.44) 
= /d3xe^(^)(7r^0+7rMC;;->Co), 



where, 

T^4> = — 
d(f) 



(5.45) 



< = (5.46) 
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It can be easily seen that the Hamiltonian given by Legendre transformation is com- 
pletely the same as that given by inertial energy-momentum tensor. After Legendre 
transformation, 0, C^, e^^'^^n^p and e^^^^n^ are canonical independent variables. Let 
these variables vary infinitesimally, we can get 



5H _ _5L 

50 ~ 



(5.47) 



0, (5.48) 



SH 5L 



5C^ 5C^ ' 



(5.49) 



C: . (5.50) 



5(e^(c^)<) 

Then, Hamilton's equations of motion read: 

A(e'<-..,) = . (5.52) 

^(e-><) - (5.54) 

The forms of the Hamilton's equations of motion are completely the same as those 
appears in usual quantum field theory and usual classical analytical mechanics. 
Therefor, the introduction of the factor e^^'-^^ does not affect the forms of Lagrange 
equations of motion and Hamilton's equations of motion. 

The Poisson brackets of two general functional of canonical arguments can be 
defined by 



(A D\ _ t ^ l &A SB SA SB 

\^ , -DJ- - j a yS4> S{enc)T,^) S{ei^<^)n^) S<t> 

I SA SB SA SB \ 

According to this definition, we have 



(5.55) 



{4>{x,t) , {e'^'^\^){y,t)} = 5\x -y), (5.56) 
{C:{x,t) , (e^(^)7r^)(y,i)} = 5^:5^<5^(x -y). (5.57) 
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These two relations can be used as the starting point of canonical quantization of 
quantum gravity. 



Using Poisson brackets, the Hamilton's equations of motion can be expressed in 
another forms, 

^6{x,t)^{(f>{x,t) , H}, (5.58) 



dt 

dt 

dt 



^(e^(^)7r^)(^,t) = {(e^(^)7r^)(x,t) , H}, (5.59) 
'^C:{x,t) = {C:{x,t) , H}, (5.60) 



A(eA^)<)(x,t) = {(e^(^)<)(x,i) , H}. (5.61) 

Therefore, if A is an arbitrary functional of the canonical arguments (p, C^, e^^'^^n^ 
and e^^'^^n^, then we have 

A^{A , H}. (5.62) 
After quantization, this equation will become the Heisenberg equation. 

If 0(x) is a complex scalar field, its traditional Lagrangian is 

-r)^''d^(l){x)d^(l)*{x) -m^(l)(x)(l)*{x). (5.63) 

Replace ordinary partial derivative with gauge covariant derivative, and add into 
the Lagrangian for pure gravitational gauge field, we get, 

Co = -r)^''D,4,{DAr - m''(t><t>* - \v''v'"'V2apF^,F^. (5.64) 

Repeating all above discussions, we can get the whole theory for gravitational inter- 
actions of complex scalar fields. We will not repeat this discussion here. 



6 Gravitational Interactions of Dirac Field 

In the usual quantum field theory, the Lagrangian for Dirac field is 

-^(r^^ + m)^|J. (6.1) 

Replace ordinary partial derivative with gauge covariant derivative, and add into 
the Lagrangian of pure gravitational gauge field, we get, 

jCo = -H^D, + m)i^ - ^rj''^rj'"'rj2apF^.F^^. (6.2) 
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The full Lagrangian of the system is 

L = e^(^)£o, (6.3) 

and the corresponding action is 

5 = y d^x£ = y d^x e'(^)£o- (6.4) 
This Lagrangian can be separated into two parts, 

C = Cf + Ci, (6.5) 

with Cf the free Lagrangian and Ci the interaction Lagrangian. Their explicit forms 
are 

Cf = -^l^il'd^ + m)V' - ^ry'^''r^'''^r^2a/3i^o%<., (6.6) 
Ci = >Cf •(E:Li^(^CC-)")+^e^(^)V;7'^(9e.V')C^ 

+^e^(^)?7''^?7-772a/3(a^C - d,C'^)CldsC^, (6.7) 

From we can see that Dirac field can directly couple to any number of grav- 
itational gauge fields, the mass term of Dirac field also take part in gravitational 
interactions. All these interactions are completely determined by the requirement 
of gravitational gauge symmetry. The Lagrangian function before renormalization 
almost contains all kind of divergent vertex, which is important in the renormaliza- 
tion of the theory. Besides, from eq.(6.7), we can directly write out Feynman rules 
of the corresponding interaction vertexes. 

Because the traditional Lagrangian function eq.(6.1) is invariant under global 
Lorentz transformation, which is already proved in the traditional quantum field 
theory, and the covariant derivative has the same behavior as partial derivative un- 
der global Lorentz transformation, the first two terms of Lagrangian C are global 
Lorentz invariant. We have already prove that the Lagrangian function for pure 
gravitational gauge field is invariant under global Lorentz transformation. Therefor, 
C has global Lorentz symmetry. 

The gravitational gauge transformation of Dirac field is 

il){x) jjj\x) = {Uei^ix)). (6.8) 

■0 transforms similarly, 

i>{x)^^'{x)^{U,^{x)). (6.9) 
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Dirac 7-matrices is not a physical field, so it keeps unchanged under gravitational 
gauge transformation, 

7'' ^ 7^^. (6.10) 
It can be proved that, under gravitational gauge transformation, Cq transforms as 

£o^>C'o= (t/,£o). (6.11) 

So, 

C^C ^J{U,Co), (6.12) 

where J is the Jacobi of the corresponding space-time translation. Then using 
eq.(4.27), we can prove that the action S has gravitational gauge symmetry. 

Suppose that [7^ is an infinitesimal global transformation, then the first order 
infinitesimal variations of Dirac field are 

Sijj = -e^d^ip, (6.13) 

= -e'^d^i/j. (6.14) 

The first order variation of action is 

5S^ jd'xe^dXa, (6.15) 
where is the inertial energy-momentum tensor whose definition is. 

The global gravitational gauge symmetry of action gives out conservation equation 
of the inertial energy-momentum tensor, 

d,Tt^ = 0. (6.17) 

The inertial energy-momentum tensor is the conserved current which expected by 
gauge principle. The space integration of its time component gives out the conserved 
energy-momentum of the system. 



0^ jd^x e'^^^n^ +< cl -Co), (6.18) 

jd?^ e'^'^^-TT^diiP - TT^diC;), (6.19) 
where 

TT^ = (6.20) 
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The equation of motion for Dirac field is 

+ m)V' = 0. (6.21) 

Prom this expression, we can see that the factor e^*^^^ does not affect the equation of 
motion of Dirac field. This is caused by the asymmetric form of the Lagrangian. If 
we use a symmetric form of Lagrangian, the factor e^*^*"^ will also affect the equation 
of motion of Dirac field, which will be discussed later. 

The equation of motion for gravitational fields can be easily deduced, 

d,{r)^^r,''^V2a^F^r) = -gT^a, (6.22) 
where T^^ is the gravitational energy-momentum tensor, whose definition is: 

(6.23) 

We see again that the gravitational energy-momentum tensor is different from the 
inertial energy-momentum tensor. 

In usual quantum field theory, the Lagrangian for Dirac field has a more sym- 
metric form, which is 

-H^'" +m)ilj, (6.24) 
where ^ 

(6.25) 

The Euler- Lagrange equation of motion of eq.(6.24) also gives out the conventional 
Dirac equation. 

Now replace ordinary space-time partial derivative with covariant derivative, and 
add into the Lagrangian of pure gravitational gauge field, we get, 

Co = +m)^|J - ^V^'v^'^'mapF^.F^, (6.26) 



where Dn is defined by 



(6.27) 



Operator Dn is understood in the following way 

f{x)Dng{x)^{DJ{x))g{x), (6.28) 
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with f{x) and g{x) two arbitrary functions. The Lagrangian density C and action S 

are also defined by cqs.(6.3-4). In this case, the free Lagrangian Cp and interaction 
Lagrangian Ci are given by 

= d, +m)^ - \ri^''il'"'il2.pF^^Xp., (6-29) 

+ge'(G^r'v''''V2a(3{d^,C^ - d,C^)C'^dsC^ (6.30) 

The Euler-Lagrange equation of motion for Dirac field is 
Because 

^-e'^^\--^>^D,i^-rml^), (6.32) 







eAC)(l a^^^)^ (6.33) 



eq.(6.31) will be changed into 

{rn, + m)V^ = -l7/'(a„G^)V^ - gr^D,{r)'(^C^). (6.34) 

If gravitational gauge field vanishes, this equation of motion will return to the tra- 
ditional Dirac equation. 

The inertial energy-momentum tensor now becomes 
and the gravitational energy-momentum tensor becomes 

(6.36) 

Both of them are conserved energy-momentum tensor. But they are not equivalent. 
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7 Gravitational Interactions of Vector Field 

The traditional Lagrangian for vector field is 

1 777^ 

--rt'^'^n^-A.^A,, - —v^'^A^A^, (7.1) 

where A^^, is the strength of vector field which is given by 

di,A, - d,A^. (7.2) 

The Lagrangian Cq that describes gravitational interactions between vector field and 
gravitational fields is 

C, = -l^/^P^-A^^A^^ _ "^r^^^A.A^ - ^r]^^r)-"^r]2apF^^F^. (7.3) 

In eq.(7.3), the definition of strength A/^i, is not given by eq.(7.2), it is given by 

A — D A — F) A 

= d^A.-d^A^-gC^d^A^ + gC^d^A^, 

where is the gravitational gauge covariant derivative, whose definition is given 
by eq.(4.4). The full Lagrangian C is given by, 

C = e'^^^U (7.5) 

The action 5" is defined by 



= J d^x C. (7.6) 



The Lagrangian C can be separated into two parts: the free Lagrangian Cp and 
interaction Lagrangian £/. The explicit forms of them are 



U = -\v'''v'"'Ao,.Ao,. - "^V^'A.A^ - ]rf'rf'^V2apF-^F^^,, (7.7) 
Cj ^ Cf- (E~ 1 ^(5<,C^,0") + ge'^c)r)^Pr)^'^Ao,.C-d^A, 

-ie'^^Vv'"'{C^C^pidaA,){dpA„) - C^C^^{d^A^){d0A,)) 
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(7.8) 



where Aq^^ = d^Aj, — di,A^ The first two hnes of £/ contain interactions between 
vector field and gravitational gauge fields. It can be seen that the vector field can 
also directly couple to arbitrary number of gravitational gauge fields, which is one of 
the most important properties of gravitational gauge interactions. This interaction 
properties are required and determined by local gravitational gauge symmetry. 

Under Lorentz transformations, group index and Lorentz index have the same 
behavior. Therefor every term in the Lagrangian C are Lorentz scalar, and the whole 
Lagrangian C and action S have Lorentz symmetry. 

Under gravitational gauge transformations, vector field An transforms as 

A,(x)^A'^(x)^{U,A,(x)). (7.9) 

D^Ai, and A^^ transform covariantly, 

D^A, ^ D'^A!, = {(JeD^A,), (7.10) 

An,^^n, = {UA,u)- (7.11) 
So, the gravitational gauge transformations of Cq and C respectively are 

£o^/:'o= (f/,£o), (7.12) 

C ^ J{U,Cq). (7.13) 
The action of the system is gravitational gauge invariant. 

The global gravitational gauge transformation gives out conserved current of 
gravitational gauge symmetry. Under infinitesimal global gravitational gauge trans- 
formation, the vector field ^4^ transforms as 

SA^ = -e^d^A^. (7.14) 

The first order variation of action is 

5S = Jd'xe-d.Tr,, (7.15) 

where Tf^ is the inertial energy-momentum tensor whose definition is. 
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T-^ is a conserved current. The space integration of its time component gives out 
inertial energy-momentum of the system, 

H^-Pio^Jd'x e^(^)(7r'^ +< -Co), (7.17) 

P'^P.i^ jd?x e^(^)(-7r''M^ - <a,C;), (7.18) 

where 

tt'^ = (7.19) 



The equation of motion for vector field is 



i:-''';li-»wa^ = o. (7.20) 



From eq.(7.3), we can obtain 

dCo 



dd^A, 



-Tj'^Tj^^G^^A,,, (7.21) 
-m^ri^'Ax. (7.22) 



dA, 

Then, eq.(7.20) is changed into 

rj^^T^'^-D^A,, - mVA, = -rj^''rj'''{d,G^M,, - gr)^''r^''" A,,D,{r^^,^C''^). (7.23) 
The equation of motion of gravitational gauge field is 

where T^^ is the gravitational energy-momentum tensor. 



(7.25) 



Tg^ is also a conserved current. The space integration of its time component gives 
out the gravitational energy-momentum which is the source of gravitational inter- 
actions. It can be also seen that inertial energy-momentum tensor and gravitational 
energy-momentum tensor are not equivalent. 
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8 Gravitational Interactions of Gauge Fields 



It is know that QED, QCD and unified electroweak theory are all gauge theories. 
In this chapter, we will discuss how to unify these gauge theories with gravitational 
gauge theory, and how to unify four different kinds of fundamental interactions for- 
mally. 

First, let's discuss QED theory. As an example, let's discuss electromagnetic 
interactions of Dirac field. The traditional electromagnetic interactions between 
Dirac field if) and electromagnetic field A^^ is 

-Ir^'^V" V^P- - ^(7^(a^ - ieA^) + m)^. (8.1) 

The Lagrangian that describes gravitational gauge interactions between gravita- 
tional gauge field and Dirac field or electromagnetic field and describes electromag- 
netic interactions between Dirac field and electromagnetic field is 

£o = -^(7^(^M - ^eA,) + m)^ - ^t^^^t^'^'^A^.A,, - \ri'''v''''ma^F^.F^,., (8-2) 

where is the gravitational gauge covariant derivative which is given by eq.(4.4) 
and the strength of electromagnetic field ^4^ is 

A^, = V + (8.3) 

where A^^ is given by eq.(7.4) and G^^ is given by cq.(9.24). The full Lagrangian 
density and the action of the system are respectively given by, 

C = e^(^)£o, (8.4) 
Jd^x L. (8.5) 

The system given by above Lagrangian has both ^7(1) gauge symmetry and 
gravitational gauge symmetry. Under U{X) gauge transformations, 

i}{x) i}\x) - e-*"(^V(^), (8.6) 

A^{x) ^ A!^{x) = A^{x) - ^D^a{x), (8.7) 

= (8.8) 
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It can be proved that the Lagrangian L is invariant under U{X) g^^g^ transformation. 
Under gravitational gauge transformations, 

i,{x)^i,\x)^{t],i,{x)), (8.9) 

A^,{x) ^ A^{x) = {UeA,{x)), (8.10) 

C^{x) ^ C'^ix) = U,{x)C^{x)Ur\x) + -U,{x){d^U:\x)). (8.11) 

The action 5" given by eq.(8.4) is invariant under gravitational gauge transformation. 

Lagrangian C can be separated into free Lagrangian Cp and interaction La- 
grangian £/, 

C = Cf + Ci, (8.12) 

where 

Ci = £^-(E^=i^(^<,C;,^)")+ie-e^(^%'^V^,. 

_^e^(c)^MP^..(C'^c'^^(a^^^)(a^^^) _ c,"c^^(a,^^)(a^^,)) 

The traditional Lagrangian for QCD is 

- E V5n[7'^(9^ - igcA^^) + m„] V'n - \r,^''il'"'A',AU (8-15) 

where is the quark color triplet of the nth flavor, A^^ is the color gauge vector 
potential, A^ixv is the color gauge covariant field strength tensor, is the strong 
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coupling constant, is the Gell-Mann matrix and m„ is the quark mass of the nth 
flavor. In gravitational gauge theory, this Lagrangian should be changed into 



U6) 



where 



a;. = a;, + (s.it) 

= D^Al - D^Al + gJi^uA^Al (8.18) 

It can be proved that this system has both SU{'i)c gauge symmetry and gravita- 
tional gauge symmetry. The unified electroweak model can be discussed in similar 
way. 

Now, let's try to construct a theory which can describe all kinds of fundamental 
interactions in Nature. First we know that the fundamental particles that we know 
are fundamental fermions(such as leptons and quarks), gauge bosons(such as photon, 
gluons, gravitons and intermediate gauge bosons and Z*^), and possible Higgs 
bosons. According to the Standard Model, leptons form left-hand doublets and 
right-hand singlets. Let's denote 

i>^R^ = eR , r*f=/*H , i'f=TR. (8.20) 

Neutrinos have no right-hand singlets. The weak hypercharge for left-hand doublets 

is —1 and for right-hand singlet il)^^ is —2. All leptons carry no color charge. 
In order to define the wave function for quarks, we have to introduce Kabayashi- 
Maskawa mixing matrix first, whose general form is. 




where 



/ Ci S1C3 S1S3 

-S1C2 C1C2C3 - 52^36'^ C1C2S3 + S2C3e*'^ I (8.21 

\ S1S2 -C1S2C3 - C2S3e*'^ -C1S2S3 + C2C3e'^ 



Q = cos^i , Si = sin^i (« = 1,2,3) (8.22) 



and 9i are generalized Cabibbo angles. The mixing between three different quarks 
(i, s and h is given by 

( dg \ ( d \ 

(8.23) 



( de \ 




/ d 






s 


[be ) 
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Quarks also form left-hand doublets and right-hand singlets, 



^(l)a _ „,a J2)a _ o ^(3)o _ fa 

„(!)« _ ja „(2)a _ a „(3)a _ ,„ l^-^^J 

— ^0R Qed — ^eR Qod — '^eR^ 

where index a is color index. It is known that left-hand doublets have weak isospin | 
and weak hypercharge |, right-hand singlets have no weak isospin, ^^■'^"s have weak 
hypercharge | and ^^^^"s have weak hypercharge — |. 

For gauge bosons, gravitational gauge field is also denoted by C^. The gluon 
field is denoted A^, 

A, = ^^y- (8-26) 

The color gauge covariant field strength tensor is also given by eq.(8.18). The U{1)y 
gauge field is denoted by 5^ and SU (2) gauge field is denoted by 

F, = F;^, (8.27) 

where (7„ is the Pauli matrix. The U{1)y gauge field strength tensor is given by 

B^,^B,, + gG-'^B^F^^, (8.28a) 

where 

B^, = D^B, - D,B^, (8.286) 
and the SU (2) gauge field strength tensor is given by 

= + qG-'^F^F;,, (8.29a) 

F;, = D^F: - D^F; + g^ei^^F^Fir. (8-296) 

where is the coupling constant for SU{2) gauge interactions and the coupling 
constant for U{1)y gauge interactions is g'^. 

If there exist Higgs particles in Nature, the Higgs fields is represented by a 
complex scalar SU (2) doublet, 

</• = ( ^0 ) • (8.30) 
The hypercharge of Higgs field is 1. 
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The Lagrangian Cq that describes four kinds of fundamental interactions is given 



by 



where 



4'/ 7 ^ /lU^ per 4'/ 7 ^iiiJ^ 



/lU-^pCT 



47 7 -^iMU-^pa 4'/ 7 'I2al3^ 



pa pl3 
per 



-/iV0 + A(0V)' 



= *cr20* = _0 j • (8.32) 
The full Lagrangian is given by 

£ = e'(^)£o. (8.33) 

This Lagrangian describes four kinds of fundamental interactions in Nature. It has 



(S't/(3) X SU{2) X U{1)) ®s Gravitational Gauge Group symmetry |]39[|. Four kinds 
of fundamental interactions are formally unified in this Lagrangian. However, this 
unification is not a genuine unification. Finally, an important and fundamental 
problem is that, can we genuine unify four kinds of fundamental interactions in a 
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single group, in which there is only one coupling constant for all kinds of fundamen- 
tal interactions? This theory may exist. 



9 Classical Limit of Quantum Gravity 

It is known that both Newton's theory of gravity and Einstein's general relativity 
obtain immense achievements in astrophysics and cosmology. Any correct quantum 
theory of gravity should return to these two theories in classical limit. In this chap- 
ter, we will discuss the classical limit of the quantum gauge theory of gravity. 

First, we discuss an important problem qualitatively. It is know that, in usual 
gauge theory, such as QED, the coulomb force between two objects which carry like 
electric charges is always mutual repulsive. Gravitational gauge theory is also a 
kind of gauge theory, is the force between two static massive objects attractive or 
repulsive? For the sake of simplicity, we use Dirac field as an example to discuss 
this problem. The discussions for other kinds of fields can be proceeded similarly. 

Suppose that the gravitational field is very weak, so both the gravitational field 
and the gravitational coupling constant are first order infinitesimal quantities. Then 
in leading order approximation, both inertial energy-momentum tensor and gravi- 
tational energy-momentum tensor give the same results, which we denoted as 

Tli^i^^^d^i;. (9.1) 

The time component of the current is 

r° = -ii^^d^i^ = i^^p^i^. (9.2) 

Its space integration gives out the energy-momentum of the system. The interaction 
Lagrangian between Dirac field and gravitational field is given by eq.(6.7). After 
considering the equation of motion of Dirac field, the coupling between Dirac field 
and Gravitational gauge field in the leading order is: 

C: ^ gT^C;. (9.3) 

The the leading order interaction Hamiltonian density is given by 

Ui ^ -C: ^ -gT^C^. (9.4) 

The equation of motion of gravitational gauge field in the leading order is: 

dxd\r}''^ri2apC^) - d^d^ {r^^^pCi) = -gT^^. (9.5) 
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As a classical limit approximation, let's consider static gravitational interactions 
between two static objects. In this case, the leading order component of energy- 
momentum tensor is Tq , other components of energy-momentum tensor is a first 
order infinitesimal quantity. So, we only need to consider the equation of motion of 
u — a — of eq.(9.5), which now becomes 

dxd^C^ - 9^9°C° = -gT^. (9.6) 

For static problems, all time derivatives vanish. Therefor, the above equation is 
changed into 

V^Co° = -gT^. (9.7) 

This is just the Newton's equation of gravitational field. Suppose that there is only 
one point object at the origin of the coordinate system. Because Tq is the negative 
value of energy density, we can let 



Applying 

with r — \ X I , we get 



r° = -M5(x). (9. 



V^i = -At:5{x), (9.9) 



This is just the gravitational potential which is expected in Newton's theory of grav- 
ity. 

Suppose that there is another point object at the position of point x with mass 
m. The gravitational potential energy between these two objects is that 

V{r) =ld'yni = -gl d^ ?T°o(x)C°, (9.11) 

with Cq is the gravitational potential generated by the first point object, and q 
is the (0, 0) component of the energy-momentum tensor of the second object. 

The final result for gravitational potential energy between two point objects is 

V(r)^-q^. (9.13) 

The gravitational potential energy between two point objects is always negative, 
which is what expected by Newton's theory of gravity and is the inevitable result of 
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the attractive nature of gravitational interactions. 

The gravitational force that the first point object acts on the second point object 

is 

/= -Vnr) = -^r, (9.14) 

where r =r jr. This is the famous formula of Newton's gravitational force. There- 
fore, in the classical limit, the gravitational gauge theory can return to Newton's 
theory of gravity. Besides, from eq.(9.14), we can clearly see that the gravitational 
interaction force between two point objects is attractive. 

Now, we want to ask a problem: why in QED, the force between two like electric 
charges is always repulsive, while in gravitational gauge theory, the force between 
two like gravitational charges is always attractive? A simple answer to this funda- 
mental problem is that the attractive nature of the gravitational force is an inevitable 
result of the global Lorentz symmetry of the system. Because of the requirement 
of global Lorentz symmetry, the Lagrangian function given by eq.(4.20) must use 
?72a/3 , can not use the ordinary 5-function b^^. It can be easily prove that, if we 
use 5^/3 instead of 7720/3 in eq.(4.20), the Lagrangian of pure gravitational gauge field 
is not invariant under global Lorentz transformation. On the other hand, if we use 
Safi instead of 772^/3 in eq.(4.20), the gravitational force will be repulsive which ob- 
viously contradicts with experiment results. In QED, bah is used to construct the 
Lagrangian for electromagnetic fields, therefore, the interaction force between two 
like electric charges is always repulsive. 

One fundamental influence of using the metric r/20/3 in the Lagrangian of pure 
gravitational field is that the kinematic energy term of gravitation field is always 
negative. This result is novels, but it is not surprising, for gravitational interaction 
energy is always negative. In a meaning, it is the reflection of the negative nature of 
graviton's kinematic energy. Though the kinematic energy term of gravitation field 
C° is always negative, the kinematic energy term of gravitation field is always 
positive. The negative energy problem of graviton does not cause any trouble in 
quantum gauge theory of gravity. Contrarily, it will help us to understand some 
puzzle phenomena of Nature. Prom theoretical point of view, the negative nature of 
graviton's kinematic energy is essentially an inevitable result of global Lorentz sym- 
metry. Global Lorentz symmetry of the system, attractive nature of gravitational 
interaction force and negative nature of graviton's kinematical energy are essentially 
related to each other, and they have the same origin in nature. We will return to 
discuss the negative energy problem again later. 

In general relativity, gravitational field obeys Einstein field equation, which is 
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usually written in the following form, 

R^^u - ^g^^^R + Xg^.. = -SttGt;,, (9.15) 

where R^j^^, is Ricci tensor, R is curvature, G is Newton gravitational constant and 
A is cosmology constant. The classical limit of Einstein field equation is 

V'^oo = -SttGToo- (9.16) 
Compare this equation with eq.(9.7) and use eq.(5.24), we get 

/ = AnG. (9.17) 
In order to get eq.(9.17), the following relations are used 

Too = -TO, ^00 ^ -(1 + ^gG^o)- (9-18) 



In general relativity, Einstein field equation transforms covariantly under gen- 
eral coordinates transformation, in other words, it is a general covariant equation. 
In gravitational gauge theory, the system has local gravitational gauge symmetry. 
Prom mathematical point of view, general coordinates transformation is equivalent 
to local gravitational gauge transformation. Therefore, it seems that two theories 
have the same symmetry. On the other hand, both theories have global Lorentz 
symmetry. 

In the previous discussions, we have given out the relations between space-time 
metric and gravitational gauge fields, which is shown in eq.(5.24). For scalar field, 
if the gravitational field is not so strong and its variations with space-time is not 
so great, we can select a local incrtial reference system where gravity is completely 
shielded, which is shown in eq.(5.23), where we can not directly see any coupling 
between gravitational gauge field and scalar field. For a general macroscopic object, 
its dynamical properties are more like real scalar field. Therefore, in macroscopic 
world, we can always select a local inertial reference system where all macroscopic 
effects of gravitational interactions are put into the structure space-time, which is 
the main point of view of general relativity. Now, let's take this point of view to 
study structures of space-time in the classical and macroscopic limit. 

Let's omit Lagrangian of pure gravitational gauge fields, then eq.(5.23) is changed 
into 

1 777^ 

= 0'. (9.19) 
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This is the Lagrangian for curved space-time. The local inertial reference system is 
given by following coordinates transformation, 

dx^" dx'^" = ^dx^ (9.20) 
dx^ ^ ' 

where is given by, 

- {G-'t. (9.21) 

Define matrix G as 

G^iGD^id^-gC;:). (9.22) 
A simple form for matrix G is 

G^I-gC, (9.23) 
where 7 is a unit matrix and C = (C^). Therefore, 

If gravitational gauge fields are weak enough, we have 

CXD 

G-' = J2i9Cr. (9.25) 

n=0 

is the inverse matrix of G, it satisfies 

(G-XG'^^ = 51 (9.26) 

Gl{G-X - ^l- (9-27) 



Using all these relations, we can prove that 



(9.28) 



Therefore, under this coordinates transformation, the space-time metric becomes 
flat, in other words, we go into local inertial reference system. In this local inertial 
reference system, the Lagrangian eq.(9.19) becomes 

Eq.(9.29) is just the Lagrangian for real scalar fields in fiat Minkowski space-time. 
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Define covariant metric tensor gap as 

gap = vAG-'ra{G-%. (9.30) 

It can be easily proved that 

Qapg^'' = 51 (9.31) 

g'^^gpi = s^- (9-32) 

The afhne connection F^^ is defined by 

Using the following relation, 

gF^, = G;G^,[iG-%G)t - {G-'d.G)% (9.34) 

where F^^ is the component field strength of gravitational gauge field, we get 

= -l[{G~%G)t + {G-'d.G)^] 

+|^r^"^'^^r;./3F;^,,G^,G,-^"(G;^'^G;i-^ + G-'^G-'^^). ^^■"^'^ 

Prom this expression, we can see that, if there is no gravity in space-time, that is 

C^ = , i^. = 0, (9.36) 

he affine connection 

tivity. 



then the affine connection F^^ will vanish, which is what we expect in general rela- 



The curvature tensor R^^,^ is defined by 



^llUK ~ ^K^tlU ^t^^UK "I" ^liu^Kn ^liK^un^ (9.37) 



the Ricci tensor Run is defined by 



- -^mAk' (9.38) 



and the curvature scalar R is defined by 



R = g^'^R^,. (9.39) 
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The explicit expression for Ricci tensor R^^ is 

= -{d^d^G-G-^r^ + 2{d^G-G-^-d^G-G-^)^ 
+V'''Vapid,G ■ G-Xid.G ■ G-y„ 
+y^''Va(3{G-^ ■ d,G ■ ■ d^G ■ G-XG-'^ 
-\g^^r,^p{G-'.d.d>^G-G-XG'.'^ 
+\g^'^r^^p{G-^ . d,G ■ G-' ■ d,G ■ G~XG^'^ 
+lg^''Vaf^G-^'''{G-^ ■ d,G ■ G-i ■ dxG ■ G'X 
-y^'VcffG-'-iG-' ■ dudxG ■ G-X 
+y'''Vaf^G-^'"{G-' ■ dxG ■ G-' ■ d,G ■ G'X 
WVap{G-^ ■ d.G ■ G-X{G~' ■ dxG ■ G-^ 

• d,G ■ G-' ■ dxG)l - \{G-' ■ dxG ■ G'^ ■ d^G)^ + \{G~' ■ d^dxG)^ 
-V'^VapG^.iG-' ■ dxG ■ G-Xid.G ■ G~X 
-Iv'^'VapG^pG-^'^id^G ■ G-i • dxG ■ G-X 
+kv'''Va(3G^pG-'''{d^dxG ■ G-X 
-lv'''VapG'pG;''^{dxG ■ G-i • d^G ■ G^X 

-KG-i • d^G ■ G-' ■ d,G): - ■ d,G ■ G-^ ■ d^G^ + \{G-^ ■ dud.G)^ 

-rjP-rj^^G-^iG-' ■ d,G ■ G'XMG ■ G'X 

-Iv'^Va^G'^G-^'id^G ■ G-i ■ d^G ■ G-X 

nv'^'VapG^G-'^id^d^G ■ G-X - \v'"'V.pG^.G-^-{d,G ■ G-' ■ d,G ■ G-X 
+lVapV'''^'G'^p,{d.G ■ G-X,iG-' ■ d,G ■ G'X 
+\Vc.pr'^'G-p^{d,G ■ G-X,{G-^ ■ d.G ■ G-X 
-IVafiV'^'^'id^G ■ G-XMG ■ G-X, 
-Iriapr'^^G^pA^^G ■ G-XAG-' ■ d.G ■ G'X 
-^ncarf'^'G^^G-' ■ d^G ■ G-Xid,G ■ G-^ 
-Iv.pt'^'G^^G'^p^iG-^ ■ dxG ■ G-XiG-' ■ d^G ■ G-X 
-IVapV'''^-^F;:^^^GlG;^-G-'^G-'^^{d,G ■ G-Xl 

-IKpG-^'-iG-' ■ d,G ■ G-X - IK,G-'''{G-^ ■ d.G ■ G-X, 

+ir'''VapF^,,p,G-'''G-'^id^G ■ G-X.\ + IKpiG-' ■ d.G ■ G-XG'"^ 

+ir'''V.pF';^p,G-^-G-^PGi^{G-' ■ dxG ■ G-X 

+lKpiG'^ ■ d,G ■ G-XG-'^ + iF^piG-' ■ d,G ■ G-X,G-"' 

+iv'''''VaBF;:^3,G-'''G-Xid,G ■ G-Xl + 'AiG-' ■ d,G ■ G-XG'"' 

+ir''^V.pF^,,p,G-'''G-XGi^{G-^ ■ dxG ■ G-X' 

+f ^'^''^^../j.i^.^.O.C^p"'"^p".'"^(G^;'''^G'-i'^^ + G-'f^^G-'^^) 

4 '/a/3'/a2/32'/ '/ ^ mP,-'^^ (J20ci^ p ^pi ^/i 
4 '/a2/32'/ ^ ^iiPi-^aai'^p pi k fi 

-£-r} flTj^i'^iF'' ^ (7-ia(7-i/3(7-iW(7-iM 

4 '/a/3'/ ^ ixiPi^ ixzai^ p ^ pi ^ ij. 

(9.40) 
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The explicit expression for scalar curvature R is 



+lv'''Va(3g^^id,G ■ G-^id.G ■ G-y, - 2t^G%d,G ■ G-' ■ dxG^, 
-2r^G1{d^G ■ G-i ■ d^G)i + 2r7"/3G-(9,9AG)^ 
-lr,^pr,P'^r^GlG>;{d^G ■ ■ G'^^ 

+V<.pV'''^'v''"''G'^fi,G^^^{d.G ■ G-^)-^id,G ■ G-% 
-2gv-^F^^^^G'f,G-'"^{d.G ■ G'^^^ 

+gr'F;p{d.G ■ G-y^ 

+gV-^F^^G;{G-' ■ d.G ■ G-y 
+9V'F^,,F^,l,^G-'-G-^'-^ 

2 I lap 1 1 '/ ^ crai^ p ^ pi 

(9.41) 

From these expressions, we can see that, if there is no gravity, that is C° vanishes, 
then Rfj^i, and R all vanish. It means that, if there is gravity, the space-time is flat, 
which is what we expected in general relativity. 

Now, let's discuss some transformation properties of these tensors under general 
coordinates transformation. Make a special kind of local coordinates translation, 

x''^x''' = x'' + e''{x'). (9.42) 

Under this transformation, the covariant derivative and gravitational gauge fields 
transform as 

D^{x) ^ D'^{x') = U,{x')D^{x')U:\x'), (9.43) 

C,{x) C'^{x') = ;7,(x')C,(x')^7r'M,+^C>.(^')(^t^.-'(^'))- (9.44) 
It can be proved that 

G'^^{x)^G'^{x')^A-^G^{x), (9.45) 

where 

dx'' 
dx^ 

We can see that Lorentz index fi does not take part in transformation. In fact, all 
Lorentz indexes do not take part in this kind of transformation. Therefore, 



T]"'' r]'"" = T]"". (9.47) 
Using all these relations, we can prove that 

g'^^ix) ^ g"^f'{x') = A\A%,g''^'''{x), (9.48) 
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Rap^six) ^ R^ap^x') = A„"^A/^A7A/^^„,^,^,5,(a;), (9.49) 
R^^ix) ^ R'^^ix') = A^^^Af^g^,p,{x), (9.50) 
R{x) R'(x') = R(x). (9.51) 
These transformation properties are just what we expected in general relativity. 

In vacuum, there is no matter field and the energy momentum tensor of matter 
fields vanishes. Suppose that the self-energy of gravitational field is small enough 
to be neglected, that is 

T^u ~ 0, (9.52) 

then Einstein field equation becomes 

G;,. - \g^,uR = 0. (9.53) 

We will prove that, in the classical limit of gravitational gauge field theory, the 
Einstein field equation of vacuum holds in the first order approximation of gC'^. 
Using relation eq.(9.22), we get 

d^^G = -gd^C, (9.54) 

which is a first order quantity of gC^. In first order approximations, eq.(9.40) and 
eq.(9.41) are changed into 

R^.n = gd^d^C^ - Id^dxC^ - Id^dxC^ 

+lv'"'VaKdudxC^ + Iv^'^Va^d^dxC^ (9.55) 
-Iv'^'^Vf^pd^d^G^ - Iv'^'^v.pd.daC^ + o{igCf), 

R = 2gt^'d^dpCl - 2gr^^^dpd^Cl + o{{gCY). (9.56) 

The equation of motion eq.(9.5) of gravitational gauge fields gives out the following 
constraint on gravitational gauge field in vacuum: 

d^d),C^ = d^drC^. (9.57) 

Set /3 — T, eq.(9.57) gives out 

d^d^C^ = d%C^. (9.58) 

Using these two constraints, we can prove that Rf^u and R given by eqs. (9.55-56) 
vanish: 

R^.u - 0, (9.59) 

R^O. (9.60) 
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Therefore, Einstein field equation of vacuum indeed holds in first order approxima- 
tion of gC^, which is indeed a second order infinitesimal quantity. 

Equivalence principle is one of the most important fundamental principles of 
general relativity. But, as we have studied in previous chapters, the inertial energy- 
momentum is not equivalent to the gravitational energy-momentum in gravitational 
gauge theory. This result is an inevitable result of gauge principle. But all these 
differences are caused by gravitational gauge field. In leading term approximation, 
the inertial energy-momentum tensor T-^ is the same as the gravitational energy- 
momentum tensor T^. Because gravitational coupling constant g is extremely small 
and the strength of gravitational field is also weak, it is hard to detect the difference 
between inertial mass and gravitational mass. Using gravitational gauge field theory, 
we can calculate the difference of inertial mass and gravitational mass for different 
kinds of matter and help us to test the validity of equivalence principle. This is a 
fundamental problem which will help us to understand the nature of gravitational 
interactions. We will return to this problem in chapter 12. 

Through above discussions, we can make following two important conclusions: 
1) the leading order approximation of gravitational gauge theory gives out Newton's 
theory of gravity; 2) in the first order approximation, equation of motion of gravi- 
tational gauge fields in vacuum gives out Einstein field equation of vacuum. 



10 Path Integral Quantization of Gravitational 
Gauge Fields 



For the sake of simplicity, in this chapter and the next chapter, we only discuss pure 
gravitational gauge field. For pure gravitational gauge field, its Lagrangian function 
is 



This action has local gravitational gauge symmetry. Gravitational gauge field 
has 4 X 4 = 16 degrees of freedom. But, if gravitons are massless, the system has 
only 2x4 = 8 degrees of freedom. There arc gauge degrees of freedom in the theory. 
Because only physical degrees of freedom can be quantized, in order to quantize the 
system, we have to introduce gauge conditions to eliminate un-physical degrees of 





Its space-time integration gives out the action of the system 
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freedom. For the sake of convenience, we take temporal gauge conditions 

C° = 0, (a = 0,1, 2, 3). (10.3) 



In temporal gauge, the generating functional W[J] is given by 

W[J] = nJ [DC] (l[ 6{C^{x))^ exp |^ J d'x{C + J^C^, } (10.4) 

where N is the normalization constant, is a fixed external source and [DC] is the 
integration measure, 

3 3 

M = n n n (^dc;(r,)/v^) . (lo.s) 

11=0 a=0 j 

We use this generation functional as our starting point of the path integral quanti- 
zation of gravitational gauge field. 

Generally speaking, the action of the system has local gravitational gauge sym- 
metry, but the gauge condition has no local gravitational gauge symmetry. If we 
make a local gravitational gauge transformations, the action of the system is kept 
unchanged while gauge condition will be changed. Therefore, through local gravita- 
tional gauge transformation, we can change one gauge condition to another gauge 
condition. The most general gauge condition is 

r(C(x))-^"(x) = 0, (10.6) 

where (f"{x) is an arbitrary space-time function. The Fadeev- Popov determinant 
Af{C) [gg is defined by 

A]\C)^ /Mn^(rmx))-^"(x)), (10.7) 

where g is an element of gravitational gauge group, ^C is the gravitational gauge field 
after gauge transformation g and [Dg] is the integration measure on gravitational 
gauge group 

M=ndM^), (10.8) 

X 

where e{x) is the transformation parameter of Ue- Both [Dg] and [DC] are not 
invariant under gravitational gauge transformation. Suppose that, 

[V{gg')] = Mg')[Dg], (10.9) 
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[V3C] = Ug)[VC]. (10.10) 
Ji{g) and J2{g) satisfy the following relations 

Hg) ■ Mg-') = i, (lo.ii) 

Mg) ■ Mg~') = i- (10.12) 

It can be proved that, under gravitational gauge transformations, the Fadeev-Popov 
determinant transforms as 

A]\^'C) = J{\g')Aj\C). (10.13) 



Insert eq.(10.7) into eq.(10.4), we get 

W[J] = NJ[Vg]J[VC] [Ua,yS{CS{y))]-Af{C) 

■ n^,J{ff'{'^C{z))-^f^{z))] ■exp{tJd''x{C + J>iC^)}. 
Make a gravitational gauge transformation, 

C{x) ^"'C(x), 

then, 

9C{x) 33~'C{x). 

After this transformation, the generating functional is changed into 

W[J] = NJ[Vg]J[VC] Mg)Mg-')-[Ua,yS{'"cs{y))]-^f{C) 
Ufs,. Kf{C{z)) - <pP{z))\ . exp {iJd^xijC + -^^^C;)} . 



(10.14) 

(10.15) 
(10.16) 

(10.17) 



Suppose that the gauge transformation go{C) transforms general gauge condi- 
tion f^iC) — tp^ = Q to temporal gauge condition Cq = 0, and suppose that this 
transformation go{C) is unique. Then two 5-functions in eq.(10.17) require that the 
integration on gravitational gauge group must be in the neighborhood of gQ^{C). 
Therefore eq.(10.17) is changed into 



W[J] = NJ[DC] Af{C)-[nfs,J(f{C{z))-^^{z)) 
•exp{i/dM£ + J^.^oC°)} 



(10.18) 
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The last line in eq.(10.18) will cause no trouble in renormalization, and if we consider 
the contribution from ghost fields which will be introduced below, it will becomes 
a quantity which is independent of gravitational gauge field. So, we put it into 
normalization constant and still denote the new normalization constant as N. 
We also change ^°C^ into J^C^, this will cause no trouble in renormalization. 
Then we get 

W[J] = NJ[VC] Aj{C)-[U,,J{f{C{z))-<pP{z))] 

■exp{iJd'^x{C+ J^C^)}. ^ ' 

In fact, we can use this formula as our start-point of path integral quantization of 
gravitational gauge field, so we need not worried about the influences of the third 
lines of eq.(10.18). 

Use another functional 

exp I d''xriap^°'{x)^^{x)^ , (10.20) 

times both sides of eq.(10.19) and then make functional integration JlVip], we get 
W[J] j [DC\ A^(C) . exp [z / d'x{C - ^VaffFf + J^C^^)} • (10.21) 

Now, let's discuss the contribution from Aj(C) which is related to the ghost fields. 
Suppose that g = Ue is an infinitesimal gravitational gauge transformation. Then 
eq.(4.12) gives out 

^^;(^) = c^A^) - (10.22) 

where 

, = - g8ZC% + gd^Cl- (10.23) 
In order to deduce eq.(10.22), the following relation is used 

A"^ = 5^ + a^e° + o(e2). (10.24) 

can be regarded as the covariant derivate in adjoint representation, for 

D^e=[L>^ , e], (10.25) 

(D^6)" = ,6^ (10.26) 
Using all these relations, we have, 

n'Cix)) = nC) --[ d^ /^^/f^ DM Ayy{y) + o(e^). (10.27) 
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(10.29) 



(10.30) 



Therefore, according to eq.(10.7) and eq.(10.6), we get 

A7'(C) ^ /p.] llj [J-Jis'J^ui M^y)) . (10.28) 

Define 

Then eq.(10.28) is changed into 

Af\C) = J[Ve]n.,aS(-lld^yM-,{x,y)e'^{y)) 

= const. X ((ietM)~^ 
Therefore, 

Aj(C) = const. X detM. (10.31) 

Put this constant into normahzation constant, then generating functional eq. (10.21) 
is changed into 

W[J] =N j [VC\ detm ■ exp |i J d^x{C - ^VapFf + J^C^)] • (10.32) 

In order to evaluate the contribution from defM, we introduce ghost fields r]"'{x) 
and fjaix). Using the following relation 

J[Drj][Dfj]exp |i J d^xd^y fja{x)M''^{x,y)r]^{y)^ = canst, x detM (10.33) 

and put the constant into the normalization constant, we can get 

W[J] j [VC][Vrj][Dfj]exp J d'x(jC - ^VapPf + f}Mv + J^C^,) 



;i0.34) 

where / d^xTyMTy is a simplified notation, whose explicit expression is 

j d'^xf]'Mr] = j dWy f]a{x)'M^p{x,y)-q\y). (10.35) 

The appearance of the non-trivial ghost fields is a inevitable result of the non-Able 
nature of the gravitational gauge group. 
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Now, let's take Lorentz covariant gauge condition, 

/"(C) = d^'C^. 

Then 

I d^'xfjMri ^-Jd^x {d'^fjaix)) p{x)rj^{x). 
And eq. (10.34) is changed into 

W[J, = NJ[VC] [Vrj] [Vr}]exp {z J d^'xiC - ^Vapff^ 

where we have introduced external sources 77" (x) and fjaix) of ghost fields. 
The efi^ective Lagrangian Cgff is defined by 

Ceff can separate into free Lagrangian Cp and interaction Lagrangian Ci, 

^eff — + ^i, 



(10.36) 
(10.37) 



;i0.38) 



where 



Cp = _i,^MP^-^2a/3[(a^t^.")(apCf)-(a^c,")(a,c^^) 

Cj = _i(e^(t^)-l)r7'^Pr7-772a^[(a^C,")(a,C^)-(a^C,")(a<,C,^) 
+g{d''f]a)C^{dp7j") - g{d'^f]a){daCpr]-. 



(10.39) 



(10.40) 



;i0.41) 



(10.42) 



From the interaction Lagrangian, we can see that ghost fields do not couple to e^^'^\ 
This is the reflection of the fact that ghost flclds arc not physical flelds, they are 
virtual fields. Besides, the gauge fixing term does not couple to e^^'"^ either. Using 
effective Lagrangian Ceff, the generating functional W[J,P,/3] can be simplified to 

W[J, P,P]^nJ [VC][Dri][Vfj]exp |z J d'x{Ceff + J^C^ + fj^P'^ + PaVl] , 

(10.43) 
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Use eq.(10.41), we can deduce propagator of gravitational gauge fields and ghost 
fields. First, we change its form to 



1 

2^^ 



a 



C^ + r^a^V}- (10.44) 



Denote the propagator of gravitational gauge field as 

and denote the propagator of ghost field as 

-iA^^(x). 

They satisfy the following equation, 



V2ap [v'^d' - (1 - -)d''d-')\ = ^i^W^ 

Make Fourier transformations to momentum space 



ikx 



(2vr) 



4 



(10.45) 
(10.46) 

(10.47) 
(10.48) 

(10.49) 
(10.50) 



.a/3 



where Ap^y (k) and Aj?^ (k) are corresponding propagators in momentum space. 
They satisfy the following equations. 



k^r]^"' - (1 - -)k^k' 



a 



^Fup (k) = Sl6^p, 



;io.5i) 



k' App (k) = 61 (10.52) 
The solutions to these two equations give out the propagators in momentum space. 



.a/3 



-i Ap^y {k) = ^^3-% 



0/3 



Vt^u - 1 - a)— -, 

— le 



—I 



;i0.53) 



;i0.54) 
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It can be seen that the forms of these propagators are quite similar to those in tra- 
ditional non-Able gauge theory. The only difference is that the metric is different. 

The interaction Lagrangian Lj is a function of gravitational gauge field and 
ghost fields rf and ?7q,, 

jri = Ci{C,ri,fi). (10.55) 

Then eq.( 10.43) is changed into, 

W[J,P,P] = NJ[VC][Vrj][Vfj]exp{iJd'xCi{C,rj,fj)} 

■exp {i J d^xiCp + JHC^ + fjaP" + PaV") } (10.56) 

= exp {t J d'xCi{\fj, i^, ^|)} • Wo[J, P, P], 

where 

Wo[J,(3j] = NJ[VC][Vrj][Vfj]exp{zJd^x{CF + J>iC^ + r]o^P^ + Po.V'')} 
= exp{yj d'xd'y [j^{x)Af^,{x - y)r^{y) 
+ 77«(x)A^^(x-y)77^(y).]} 

(10.57) 

Finally, let's discuss Feynman rules. Here, we only give out the lowest order 
interactions in gravitational gauge theory. It is known that, a vertex can involve 
arbitrary number of gravitational gauge fields. Therefore, it is impossible to list all 
Feynman rules for all kinds of vertex. 

The interaction Lagrangian between gravitational gauge field and ghost field is 
+gid^fj^)C^^{dPr]^) - g{d^fja){d.C;)r,r (10.58) 
This vertex belongs to C^{k)f]j3{q)ri^{p) three body interactions, its Feynman rule is 

-igSlq^Pa + igSiq^ks. (10.59) 

The lowest order interaction Lagrangian between gravitational gauge field and Dirac 
field is 

#7'^9«V'C^ - gr^'tjYd.i^C'^, - gmrj>^J^C^. (10.60) 
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This vertex belongs to C^{k)ip{q)ip{p) three body interactions, its Feynman rule is 

-gi'^Pa + gViaYPu - imgr^t^. (10.61) 

The lowest order interaction Lagrangian between gravitational gauge field and real 
scalar field is 

gr)>^^C'^^{d,^){d^<t>) - + m'^^). (10.62) 

This vertex belongs to C^{k)4>{q)4>{p) three body interactions, its Feynman rule is 

-igv'"' {Pi^Qa + quPa) - igViai-p'^Qi' + m^)- (10.63) 

The lowest order interaction Lagrangian between gravitational gauge field and com- 
plex scalar field is 

gri^^C^{{d^cP){d.cP*) + (a«0*)(a.0)) - ^<C;((a»(a.0*) +mV0*). (10.64) 

This vertex belongs to C^{k)4)* {—q)(t){p) three body interactions, its Feynman rule 
is 

igv'^'iPuqa + (luPoc) - igViaiP^Qu + m^)- (10.65) 
The lowest order couphng between vector field and gravitational gauge field is 

(10.66) 

Hgr}lCl){-\rPrj'^''A^^,A^p, - n^rji^- A^A,) , 

where 

Ao^^u = d^A, - d,A^. (10.67) 

This vertex belongs to C'^{k)Ap{p)A„{q) three body interactions. Its Feynman rule 
is 

-igv^'^v^'^ippqa+Paqp) + wv^^rj^f^Ppqa + igv^^v^^qpPa 
+yviaV^^v''Hpxq(3 + qxPp) (10.68) 

-yViaV'^V'^'Puqp - yViaV'"'v'^''quPp - igrin?r]'l^r]'^ . 
The lowest order self couphng of gravitational gauge fields is 

(10.69) 

-\{gvlci)7^'''v''"V2apK^.uKa- 
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This vertex belongs to C^{p)C^{q)C'^{r) three body interactions. Its Feynman rule 
is 

+ig[r]'^r]''Pr]2apP,j.q'i + V^''V^''V2af3qnPj + V^^V^^^ma-rPf^rp 

(10.70) 

+V^''V^''V2a'yrfj,pp + V^''v'"'V2pjqij.ra + V^''v''^V2f3jrfj,qa\ 
+i9Vi'yV2ap{Pfj.q^V'''' -p^q"") + i9ViaV2pj{qtj.r^'r]P'' - r"qp) 
+i9VipV2a'yir^p''v'"' - P'r") 

It could be found that all Feynman rules for vertex is proportional to energy- 
momenta of one or more particles, which is one of the most important properties of 
gravitational interactions. In fact, this interaction property is expected for gravita- 
tional interactions, for energy-momentum is the source of gravity. 



11 Renormalization 

In gravitational gauge theory, the gravitational coupling constant has the dimension- 
ality of negative powers of mass. According to traditional theory of power counting 
law, it seems that the gravitational gauge theory is a kind of non-renormalizable 
theory. But this result is not correct. The power counting law does not work here. 
General speaking, power counting law does not work when a theory has gauge sym- 
metry. If a theory has gauge symmetry, the constraints from gauge symmetry will 
make some divergence cancel each other. In gravitational gauge theory, this mech- 
anism works very well. In this chapter, we will give a strict formal proof on the 
renormalization of the gravitational gauge theory. We will find that the effect of 
renormalization is just a scale transformation of the original theory. Though there 
are infinite number of divergent vertexes in the gravitational gauge theory, we need 
not introduce infinite number of interaction terms that do not exist in the origi- 
nal Lagrangian and infinite number of parameters. All the divergent vertex can 
find its correspondence in the original Lagrangian. Therefor, in renormalization, 
what we need to do is not to introduce extra interaction terms to cancel divergent 
terms, but to redefine the fields, coupling constants and some other parameters 
of the original theory. Because most of counterterms come from the factor e^^^\ 
this factor is key important for renormalization. Without this factor, the theory is 
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non-renormalizable. In a word, the gravitational gauge theory is a renormahzable 
gauge theory. Now, let's start our discussion on renormalization from the generalized 
BRST transformations. Our proof is quite similar to the proof of the renormaliz- 
ablility of non-Able gauge field theory. |2|, H, H, |3l|3 



The generalized BRST transformations are 

0, 



_ 1 

a 



where 5 A is an infinitesimal Grassman constant. It can be strict proved 
generalized BRST transformations for fields C° and 7]°" are nilpotent: 

5(D^ ^r^^) = 0, 
It means that all second order variations of fields vanish. 



(11.1) 
(11.2) 
(11.3) 

(11.4) 
(11.5) 
(11.6) 
that the 

(11.7) 
(11.8) 



Using the above transformation rules, it can be strictly proved that the general- 
ized BRST transformation for gauge field strength tensor is 

= -g {-{d,r)F^, + V^'id.Fp) 5A, (11.9) 

and the transformation for the factor e^'-'"^ is 

5e^(^) = -g [{daV'")e'^^^ + r/°(a«e'(^))) 6X. (11.10) 

Therefore, under generalized BRST transformations, the Lagrangian C given by 
eq.(lO.l) transforms as 

5C = -g{d^{tC))5\. (11.11) 

It is a total derivative term, its space-time integration vanish, i.e., the action of 
eq.(10.2) is invariant under generalized BRST transformations, 

6S = 6(^1 d^xC^ =0. (11.12) 
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On the other hand, it can be strict proved that 

S {-^VafSrf + ^aS'^D^ = 0. (11.13) 



The non-renormahzed effective Lagrangian is denoted as jC^jf. It is given by 

4°!/ = >C - ^Va^rf + fjad^B'^, X- (11-14) 

The effective action is defined by 

Sf„ = / d*x4°l,. (11.15) 

Using eqs.(10.12-13), we can prove that this effective action is invariant under gen- 
erahzed BRST transformations, 

(5^3^ = 0. (11.16) 

This is a strict relation without any approximation. It is known that BRST symme- 
try plays a key role in the renormalization of gauge theory, for it ensures the validity 
of the Ward-Takahashi identities. 

Before we go any further, we have to do another important work, i.e., to prove 
that the functional integration measure \pC\ \Di]\ \P^\ is also generalized BRST in- 
variant. Wc have said before that the functional integration measure \DC\ is not a 
gauge invariant measure, therefore, it is highly important to prove that \pC\ \Pi]\ \P^\ 
is a generalized BRST invariant measure. BRST transformation is a kind of trans- 
formation which involves both bosonic fields and fermionic fields. For the sake 
of simplicity, let's formally denote all bosonic fields as -B = \Bi\ and denote all 
fermionic fields as F = \Fi\. All fields that involve in generalized BRST transfor- 
mation are simply denoted by {B,F). Then, generalized BRST transformation is 
formally expressed as 

{B,F) ^ {B',F'). (11.17) 
The transformation matrix of this transformation is 

/ dBi \ , . 

where 




(11.19) 



(11.18) 
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^=(§1). (11.20) 

Matrixes a and 6 are bosonic square matrix while a and (3 generally are not square 
matrix. In order to calculate the Jacobian det{J). we realize the transformation 
(11.17) in two steps. The first step is a bosonic transformation 

^ (11.23) 

The transformation matrix of this transformation is denoted as Ji, 

, / a — ab~^(3 ab^^ \ /n r,^\ 

Ji = ^ 1 j- (11-24) 

Its Jacobian is 

det Ji = det{a - ab~^P). (11.25) 

Therefore, 

[HdBiUdFk^ [l[dBll[dFk-det{a-ab-'(3). (11.26) 

i k i k 

The second step is a fermionic transformation, 

{B',F) {B',F'). (11.27) 

Its transformation matrix is denoted as J2, 

■h-(ll)- (11.28) 

Its Jacobian is the inverse of the determinant of the transformation matrix, 

{det J2Y^ = (det b)-\ (11.29) 
Using this relation, eq. (11.26) is changed into 

[UdBilldFk^ f]ldBllldF;^-det{a-ab-^(3){detb)-\ (11.30) 

i k i k 

For generalized BRST transformation, all non-diagonal matrix elements are pro- 
portional to Grassman constant 5 A. Non-diagonal matrix a and /? contains only 
non-diagonal matrix elements, so, 

ab-^(5 (X {5\f = 0. (11.31) 
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It means that 

/ U^BiUdF, = I YldBlUdF;^ ■ det{a) ■ {det b)-\ (11.32) 

i k i k 

Generally speaking, and d^C"^ arc independent degrees of freedom, so are r;" and 
diyTj". Using eqs.(ll.l-3), we obtain 

{det a-i) = det [(5^ + g{dp'n'')5X)5'^ 

= a(l + ^(9ar/")a). 

(detb-^) = det [S"^ + g{dp7]'')6X) 

(11.34) 

In the second line of eq.(11.33), there is no summation over the repeated a index. 
Using these two relations, we have 

det{a) ■ {det h)'^ = [] 1 = 1. (11.35) 

X 

Therefore, under generahzed BRST transformation, functional integration measure 
[DC] [P77] [I>?7] is invariant, 

[VC][Vr]\\Vf]\ = [VC'][Vr]'][Vf]']. (11.36) 

Though both [DC] and ['Di]] are not invariant under generalized BRST transforma- 
tion, their product is invariant under generalized BRST transformation. This result 
is interesting and important. 

The generating functional 1^[°1[J, r^i, 772] is 

W^'\j,m,7^2] =N j [VC][Vrf^[Vn]exp[i j d^a:(4°j^ + J^C^)| , (10.37) 

where 771 and 772 are two tensors which are used to construct lagrangian density of 
pure gravitational gauge field. Because 

j dri'^df]" ■f]'^ ■ f{'n,f]) =0, (11.38) 

where /{rj, fj) is a bilinear function of r) and fj, we have 

/ [VC][V7^][Vrj] ■ rja{x) ■ exp {z / d'y{C^^jf{y) + J^(z/)C^(?/))} = 0. (11.39) 
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If all fields are the fields after generalized BRST transformation, eq. (11.39) still 
holds, i.e. 

/ [VCWm'] ■ n'M ■ exp [t I d^y(£Sl (y) + JMC^iv))] = 0, (11.40) 

where jC'j^j is the effective Lagrangian after generalized BRST transformation. Both 

functional integration measure and effective action / d^y>Cgyj(y) are generalized 
BRST invariant, so, using eqs.(ll.l-3), we get 

J[VC][Drj][Df)] [^7i^pf{C{x))5X - iU^) J d'z{J^{z)Bfl^iz)rj-iz)5X)] 

(11.41) 

■exp {iJd'y{C^}f{y) + J^{y)C-{y))} = 0. 
This equation will lead to 

(11.42) 

where 

X, J, 771, 772] ^Nij [VC][Dri\[Vn]no.{xH{y)exp [i J d^^(4°j^ + J^C;)| . 

(10.43) 

This is the generalized Ward-Takahashi identity for generating functional H^[°1[J]. 

Now, let's introduce the external sources of ghost fields, then the generation 
functional becomes 

W^[°1[J, P, P, ri,, ri2]^Nl [VC][Vri][Vfj]exp J d'x{C^^jf + J^^C^ + fj^P" + ^,r/")} , 

(11.44) 

In rcnormalization of the theory, wc have to introduce external sources Kj^ and Lq, 
of the following composite operators. 

Then the effective Lagrangian becomes 

(11.46) 
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Then, 

~[o] r . ~[o] 

S [C,rj,fj,K,L,rj,,rj2]^ J d'xC iC,rj,fj, K, L,rji,rj2). (11.47) 

It is easy to deduce that 

^[0] 

-^-gv'id^vn- (11-49) 
The generating functional now becomes, 

W^''\j,(3j,K,L,r)i,ri2]^N J [VC][Vri][Vfj]exp i^i J d^x{c'^ +J^C^ + fiaP'' + PaV' 

(11.50) 

In previous discussion, we have aheady proved that S^^jj^ is generahzed BRST in- 
variant. External sources Kj^ and keep unchanged under generalized BRST 

transformation. Using nilpotent property of generalized BRST transformation, it is 

~[o] 

easy to prove that the two new terms /T^D^^r^^ and gLari'^[dari") in £ are also 
generahzed BRST invariant, 

m^oPipn^) = 0, (11.51) 

%L,77'^(a,77")) = 0. (11.52) 
Therefore, the action given by (11.47) are generalized BRST invariant, 

~[o] 

5S (11.53) 

It gives out 

Jd^x |-(D«^,7/'(x))a^ + gr^'^{x){d,r{x))5\j^^ 



(11.54) 



where 

L^^a=9Vl{daVn, (11-55) 

L2af3 = 9[V2aa{d(37]'') + r]2af5{dp7j'')]. (11.56) 

Using relations (11.48-49), we can get 



( ^[0] ^[0] ~[0] ~[0] 



:ii.57) 



.[0] ^[0] 

+ -aVaPnC{x))^^ + LL(^)^ + L.a,{x)s£^^ \ = 0. 
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On the other hand, from (11.46-47), we can obtain that 

~[0] 

SS ^ 

5fja{x) 

Combine (11.48) with (11.58), we get 

[0] 



d'^ (d>/^(x)) 



;il.58) 



SS 

Sfja{x) 



( 



v 



5S 



;il.59) 



In generation functional 1^[°1[J, /9, /9, L, 771, 772], all fields are integrated, so, if 
we set all fields to the fields after generahzed BRST transformations, the final result 
should not be changed, i.e. 



W [J,Pj,K,L,r],,r]2] = N J[VC'][Vrj'][Vr,'] 



exp {i J d'xi^ (C, T)', fj', K, L, rjr, 772) + J^C'^^ + fj'J^ + /9aV") } 



(11.60) 



Both action (11.47) and functional integration measure [PC] are generalized 

BRST invariant, so, the above relation gives out 



.[0] 



.[0] 



j[vc] [vv] [vn] Ujd^xl - 



[0] ^[0] 



;il.61) 



■expl^ij d^yCc ° (C, 77, 77, K, L, 771, 772) + J^C^ + 77„/3- + ^^77") | = 0. 
In order to obtain the above relation, the following relation is used. 



jd'xC {C',rj',rj',K,L,r],,r}2) 



Jd'^x 



AO] 



£ {C,ri,ri,K,L,rii,r]2)-Sr]'^^-g^^-Sr}; 



;ii.62) 



On the other hand, because the ghost field rja was integrated in functional 
W^^^[J, (3,(3, K, L,rii,ri2], if we use 77^ in the in functional integration, it will not 



73 



change the generating functionaL That is 

i][m 

(11.63) 



~ [0] 

W [J,P,f3,K,L,r),,r]2] = N J[DC][Drj][Dfj'] 



■expl^ij dS(Z ° (C, 77, 77', K, L, 771, 772) + J^C« + 77^/3" + ^S^??") } ■ 
Suppose that 

f]a = Va + SVa- (11-64) 

Then (11.63) and (11.50) will gives out 



![VC][Vr,][Vrj] |/ d^a:577<,(^ + ^ (x)) | 

■exp |i / d^y (Z'"' (C, 77, 77, X, L, 771, 772) + J^C^ + 77,^ + M } = 0. 
Because Sfja is an arbitrary variation, from (11.65), we will get 
J[VC][Vrj]m (^J^ + /3"(a:)j 

■exp |i / d^y (c'^ (C, 77, 77, K, L, rj,, 772) + J^C^ + fjaP'' + PaV"'^ } = 0. 



;il.65) 



;il.66) 



The generating functional of connected Green function is given by 

~ [0] _ [0] 

Z [J,p,p,K,L,r]i,r]2] = -iln W [J, p, P, K, L,r]i,r]2]. (11.67) 

After Legendrc transformation, we will get the generating functional of irreducible 

~[o] 

vertex r [C, 77, 77, K, L, 771, 772] , 

r °' [C, n, V, K, L, 7]i, 7]2] = [J, P, P, K, L, 771, 772] 

(11.68) 

-Jd''x{j^C^ + f}aP'' + PaV''). 

Functional derivative of the generating functional Z gives out the classical fields 
C^, 77" and 77a, 

~[o] 

C:=^, (11.69) 
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yf = (11-70) 

^[0] 

Then, functional derivative of the generating functional r gives out external sources 
J^, and 

^[0] 

^ = (11-73) 

^— = -r. (11.74) 
Besides, there are two other relations which can be strictly deduced from (11.68), 



(11.75) 
(11.76) 



~[0] 

5 r 


s z 


, ~[0] 

s r 


, ~[0] 
_ 5 Z 










~[0] 

sv 


~[0] 

_5 Z 


~[0] 

6T 


^[0] 

_ 5 z 


SVla 


SVla 


SV2a(3 


SV2a(3 



It is easy to prove that 

~[0] 



sl^exp |z / d^y{C (C, r/, ^, L, 771, 772) + J^C^ + + /?ar/") 

^^ea:p |i / d4y(2'°^ (C, r;, f], K, L, r^i, 772) + J^C^ + r7«/3" + ^^r^") | , 

(11 

~M r ^[0] _ ^ 

^feyexp |z / d^y(£ (c, 77, 77, i^, L, 771, 772) + j^c^ + fja(3" + hr) I 



jf^fxp |i / d4y(£'°' (C, 77, 77, K, L, rj,, rj^) + J^^C^ + fjaP'' + M } - 

(11.78) 
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Use these two relations, we can change (11.61) into 
J[VC][Vrj][Vfj] {Jd'x {J!i(x)jj^ - Ux)jf^^ 

■exp |i / d^yiC (C, 77, fj: K, L, 771, 772) + J^C^ + fjaP'' + M ] = 0. 
Using the definition of generating functional eq.(11.63), we can obtain 

[0] 



^ [0] _ ^ [0] 



~ [0] 

— Jl^ (l—§—\JW——T A 5 \ 



Using the following three relations, 



1 5 



i SJ{x) 



W 



f{C{x))w\ 



i 5l3{x) J Si]ia{x 



[0] 



\ 6W 



i 5p{x) J 5r]2a/3(x) 



L2ap{'n{x)) 



5 W 



[0] 



eq.(11.80) can be changed into. 



Jd'^x 



- . . rjo] 



^[0] ^[0] 

_ rM 5W _ T 5W 



Using relations (11.72-74), we can rewrite this equation into 

{-[0] ~[o] ~[o] ^[0] ^[01 
JW 5r , 5W 5T , i /-a ^ _dr 



[0] 



'[0] 



,[0] 



I r At I r i5vy L — n 
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Using (11.67), we can obtain that 



Then (11.76) is changed into 



~[0] ~[0] 

sw . sr -[0] 

~[0] ^[0] 
~[0] ~[0] 

6w s r ~ [0] 

~ [0] ~[o] 

.St ~ [0] . 

. (11.89) 



.[0] ~[0] ~[0] ~[0] 

r j4_. J , sr sr , i„ fa sr 



^[0] ^[0] ] 

Using (11.59) and (11.77), (11.65) becomes 
J[VC][Vrj][Vfj] [-id^^ + f3^{x) 

■exp {ifd^miC, rj, fj, K, L, rj,, rj^) + J^^C^ + fjaP'' + Pa^)} = 0. 



(11.90) 



(11.91) 



In above equation, the factor ^id'^ sk\x) can move out of functional inte- 

gration, then (11.91) gives out 

~[0] ~[0] 

8K&{x) Srja{x) ^ ' 

In order to obtain this relation, (11.63), (11.86) and (11.74) are used. 

Define 

m\C,fi,^,K,L,^^M =r°' [C,r],ri,K,L,r],,m] + ^ld'xriaprf. (11.93) 
It is easy to prove that 

^ (11.94) 



SK&ix) 5K&{x) ' 
77 





s r 


SL^{x) 


6La{x) ' 


srm 


~[0] 




5r)'^{x) ' 




~[0] 

Sr 


5fia{x) 





(11.95) 

(11.96) 
(11.97) 



5fioi 5r 1 



Vapd^f: (11-98) 
[0] 



'^^C„"(x) 6C-ix) a 
5f M 5 f 



5rM 5 r 



(11.99) 
(11.100) 



Using these relations, (11.92) and (11.90) are changed into 

d^"— = — fll 101) 

"^[sK^ix) 5C^{x) + 5L„(x) Srj'^ix) + ^'^^^M^ '"^W^J °' 

(11.102) 

Eqs.(l 1.101-102) are generaUzed Ward-Takahashi identities of generating functional 
of regular vertex. It is the foundations of the renormalization of the gravitational 
gauge theory. 

~[o] 

Generating functional r is the generating functional of regular vertex with 

~[o] 

external sources, which is constructed from the Lagrangian jCgff- It is a functional 
of physical field, therefore, we can make a functional expansion 

r = En / 5c;i {xiy-scz {x„) I c=v=fi=oC^l (^i) • • • C'^n Md'^xi ■ ■ ■ d'^Xn 

~[0] 

_l_v^ r S"T I 

^ ■> WMW^ SC;i{xi)-SCZ{xn) I C=r,=v=0 

■ r]p,iyi)v'''iy2)C^lixi) ■ ■ ■ C^-ixn)d^yid^y2d'xi ■ ■ ■ d'^x^ 
+ ■■■. 

(11.103) 
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In this functional expansion, the expansion coefficients are regular vertexes with 
external sources. Before renormalization, these coefficients contain divergences. If 
we calculate these divergences in the methods of dimensional regularization, the form 



of these divergence will not violate gauge symmetry of the theory [pq , p7| . In other 
words, in the method of dimensional regularization, gravitational gauge symmetry is 
not violated and the generating functional of regular vertex satisfies Ward-Takahashi 
identities (11.88-89). In order to eliminate the ultraviolet divergences of the theory, 
we need to introduce counterterms into Lagrangian. All these counterterms are 
formally denoted by 5C Then the renormalized Lagrangian is 

leff=C:eff +5^- (11-104) 

Because 5C contains all counterterms, Ceff is the Lagrangian density after complete 
renormalization. The generating functional of regular vertex which is calculated 
from Ceff is denoted by T- The regular vertexes calculated from this generating 

functional T contain no ultraviolet divergence anymore. Then let external sources 
K'^ and Lq, vanish, we will get generating functional F of regular vertex without 
external sources, 

r =r |x=L=o. (11.105) 

The regular vertexes which are generated from F will contain no ultraviolet di- 
vergence either. Therefore, the S-matrix for all physical process are finite. For 
a renormalizable theory, the counterterm 5C only contain finite unknown parame- 
ters which are needed to be determined by experiments. If conterterm 5C contains 
infinite unknown parameters, the theory will lost its predictive power and it is con- 
ventionally regarded as a non-renormalizable theory. Now, the main task for us is 
to prove that the conterterm 5C for the gravitational gauge theory only contains a 
few unknown parameters. If we do this, we will have proved that the gravitational 
gauge theory is renormalizable. 

Now, we use inductive method to prove the renormalizability of the gravitational 
gauge theory. In the previous discussion, we have proved that the generating func- 
tional of regular vertex before renormalization satisfies Ward-Takahashi identities 
(11.88-89). The effective Lagrangian density that contains all counterterms which 

^[L] ^[L] 

cancel all divergences of /-loops (0 < / < L) is denoted by £ . F is the gener- 
ating functional of regular vertex which is calculated from £ . The regular vertex 

^[L] 

which is generated by F will contain no divergence if the number of the loops of 
the diagram is not greater than L. We have proved that the generating functional 

F satisfies Ward-Takahashi identities if L = 0. Hypothesize that Ward-Takahashi 
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identities are also satisfied when L = N, that is 

(11.107) 

Our goal is to prove that Ward-Takahashi identities are also satisfied when L = N+1. 



A*B= d'^xl ^ , ^ + , , , , , . 11.108 



Now, let's introduce a special product which is defined by 

f M bB bA 6B 

Then (11.107) will be simplified to 

f contains all contributions from all possible diagrams with arbitrary loops. The 
contribution from Z-loop diagram is proportional to We can expand r'-^l as a 
power serials of h!', 

fW = J2h^T^^\ (11.110) 

M 

where r|^' is the contribution from all M-loop diagrams. According to our inductive 
hypothesis, all are finite is M < N. Therefore, divergence first appear in T^^+i- 
Substitute (11.110) into (11.109), we will get 

^LT^ + i^2«,/^^U0. (11.111) 



M, 

The {N + l)-loop contribution of (11.111) is 



E rff * tKIm^i ^ M ^i'al^ + = 0. (11.112) 



M=0 



can be separated into two parts: finite part T^n+i,f divergent part ^^N+i,div> 
that is 

^ N+l — ^ N+1,F ^ ^ N+l,div l^ii.iiO; 

^^N+i,div is ^ divergent function of (4— D) if we calculate loop diagrams in dimensional 
regularization. In other words, all terms in ^^N+i,div divergent terms when (4— D) 
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approaches zero. Substitute (11.113) into (11.112), if we only concern divergent 
terms, we will get 



i iV+M.. * i + i * i N+l4^v + y d x yL,^ + L,^p ^^^^^^^^ j - U. 

(11.114) 

f has no contribution to the divergent part. Because Fq^' represents contri- 
bution from tree diagram and counterterm has no contribution to tree diagram, we 
have 

rlf^i^rfl (11.115) 

Denote 

fo = ^S'^ +^ / d'xrj^^rf. (11.116) 
Then (11.114) is changed into 

rK.*.f„.r„,f>^j,,,„+/d^.(Lr,^ + wJ||) ^0. (11.117) 

Substitute (11.110) into (11.106), we get 

= Pf\. (11-118) 
6KEi{x) dria{x) 

The finite part rj^_[^^^ has no contribution to the divergent part, so we have 

QM N+l,div _ N+l,div ..QN 

5K&{x) ~ 5U^) ■ ^ 



The operator g and gi are defined by 

y J ^ \SCf(x) SK^(x) ^ SLaix) Sri^'ix) ^ 5K^{x) 5C^{x) 

I ^fp S I TIJ. 5 I r S \ 

'^Sv"{x) 5Lc{x) ^l"5<aW ^"^5'72a/3W J • 

y J ^ ] SC?;(x) SK^(x) ^ SL„{x) 5r)^{x) 



;ii.i2o) 



I iSrp 5 I i^Fn S 

5K^{x) 8C^{x) 8r)°'{x) 5La{x) 



;ii.i2i) 
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Using definition eq.(11.120), (11.117) simplifies to 



[N] 

N+l,div 



0. 



(11.122) 



Operators g and gi are not nilpotent operators. It can be proved that 



Jd^x 



SKUix) 



+ 



SLa{x) 



{To * To) 



i5?7«(a;) 



(fo*rc 



SC?;{x) 



+ 



5^^(ro*ro) 



SLa (x) 



991 - I d^a;d^yL^„(a;) i ^^^^^^ ^^^^^^^ + ^^^^^^ 



I ^Fq S I i^Fq S 



+ /dW7/L2a^(a;) i^sc%)SKl{y) + skIU s4{y) 



Srj^iy) SLa{y) ) 5r]2ag{x) 



^^la(^) ^Fq S _|_ 6L2af3ix) SFp S 

Sri'^iv) Srii^Jx) 5L„{y) ^ Sr^" (y) &mcci3{x) SLa(y) 



^Fq 6 I ^Fq 5 

^5CZ{y) SK-iy) 5L.(y) SvHv) S^nUxj 



I gFp '5j^2a/3(a:) S , gFp i5^2a/3(a:) 6 
'^SC-iy)~5K^Sr,2af3{x) ^ SL^{y) 5v''{v) Sv^cffix) 



+ Jd^xd^y 
+ J d'^xd'^y 



^Kc.{^) 5Fo S I SL2a0{x) ^Fn 



(j/)' (x) (y) + Sn^ly) ' 5r,2c0 (x) SL^ (y) 



+L2paiy) {5r,2pl[y) + 57,2pt(2/)) S^lUx) 



(11.123) 



(11.124) 



(11.125) 
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Now, we try to determine the general solutions to eq.(11.112) and eq.(11.118). 
First, let's see the action S'[C, r/i, 772] which is invariant under local gravitational 
gauge transformation. 5" [C, 771, 772] is also invariant under generalized BRST trans- 
formation. The generahzed BRST transformation of -SfC, 771, 772] is 

5S[C, 771, 772] = / d'x (sC^ix)-^^^ + Haix)-^;^^ + 5maf^{x) ^ 



(11.126) 

Using generalized BRST transformation relation eqs.(ll.l), (11.5-6), we can get the 
following relation, 

(11.127) 

Using eq.(11.48) and eq.(11.116), we can change the above relation into another 
form 

5S[C,rj,M ^Jd^x (-^5^ - ^-0^)^^ - ^-^^^)^;^) 

(11.128) 

Because C[C, 771,772] is a functional of only gravitational gauge fields C°, rji^, and 
V2ai3, its functional derivatives to K^, and 77° vanish 



SS[C, 7/1,7/2] 
SK^ix) 

6S[C, 7/1,7/2] 

SLa{x) 

6S[C, 771,7/2] 



= 0, (11.129) 

= 0, (11.130) 
= 0. (11.131) 



577° (x) 

Using these relations, we can prove that 

STn SS ^„ , , SS ... SS 



mSC-{x) '5ri^^{x) 'Sri2afi{x)J 

(11.132) 

Compare eq.(l 1.132) with eq.(l 1.128), we can get 

5S[C, rj^, 772] = -gS[C, 771, 772]^. (11.133) 

The generalized BRST symmetry of 5" [C, 7/1, 7/2] gives out the following important 
property of operator g, 

gS[C,rJ^,r|2\^0. (11.134) 
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From eq.(l 1.134), we know that action S[C, tji, 772] is a possible solution to eq.(l 1.122). 
Suppose that there is another functional /' which is functional of C^{x), ■r]"{x), 
fjaix), and K^(x) , 

f'^f'[C,r),fj,K]. (11.135) 

Because 



=0 


(11.136) 




(11.137) 


= 

5L„ ' 


(11.138) 



from eq.(l 1.124), we can prove that /' satisfies 

^^i/'[C,77,?7,X] = 0. (11.139) 

So, gf is also a solution to eq.(l 1.122). The most general solution to eq.(l 1.122) 
can be written in the following form 

f = aN+i{s)S[C, rii, ri2] + gif'[C, V, V, K] + f[C, ri, fi, K, L, rj,, 7^2], (11.140) 

where /[C, 77, 77, L, 771, 772] is an arbitrary functional of fields C^{x), r]°'{x), fja{x) 
and external sources Kl^{x) and La{x), and r)if^{x) and r]2ap{x). 

Now, let's consider constrains from eq.(ll. 119). Using eq.(l 1.129) and eq.(11.131), 
we can see that £'[(7,771,772] satisfies eq.(11.119), so eq.(11.119) has no constrain on 
S[C, 771, 772]. Define a new variable 

B^^ = K^^-d^na. (11.141) 
fi[B\ is an arbitrary functional oi B. It can be proved that 

5h[B] _ 5h[B] 



SBii(x) SKUi 



X) 



(11.142) 



dr]a{x) SB&{x)' 
Combine these two relations, we will get 



^/.l^l-a^im. (U.143) 



m = ^|La. (n.l44) 

dria{x) dKs{x) 
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There fi[B] is a solution to eq.(11.119). Suppose that there is another functional /2 
that is given by, 

f2[K,C,v] = J d'x KT^{C,r,), (11.145) 
where T.f is a conserved current 

d^'T^ = 0. (11.146) 

It can be easily proved that f2[K,C,ri\ is also a solution of eq.(11.119). Because 
To satisfies eq.(11.119) (please see eq.(ll.lOl)), operator g commutes with j^^j^ — 

means that functional /'[C, 77, 77, L] in eq.(11.140) must satisfy eq.(11.119). 
According to these discussion, the solution of f[C, rj, fj, K] has the following form, 

f[C, rj, rj, K] = f,[C, 77, ^ - d'v.] + J d'x KT^{C, rj). (11.147) 



In order to determine f'[C, rj, t], K], we need to study dimensions of various fields 

and external sources. Set the dimensionality of mass to 1, i.e. 

D[Pi,] = 1. (11.148) 

Then we have 

D[C^] = 1, (11.149) 

^[d^a:] = -4, (11.150) 

D[D^] = 1, (11.151) 

D[ri] = D[f]] = 1, (11.152) 

D[K] = D[L] = 2, (11.153) 

D[g] = -1, (11.154) 

D[rii] = D[r]2\ = 0, (11.155) 

^[f!?ii,,J = D[S] = 0. (11.156) 
Using these relations, we can prove that 

Dig] = 1, (11-157) 

D[f'] = -1. (11.158) 

Define virtual particle number Ng of ghost field 77 is 1, and that of ghost field 77 is 
-1, i.e. 

NM = 1, (11.159) 
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Ny[r]] = -1. (11.160) 

The virtual particle number is a additive conserved quantity, so Lagrangian and 
action carry no virtual particle number, 

N,[S] ^ N,[C] = 0. (11.161) 

The virtual particle number Ng of other fields and external sources are 

Ng[C]=Ng[D,]^0, (11.162) 

Ng[g] = 0, (11.163) 
Ng[T] = 0, (11.164) 
Ng[K] = -1, (11.165) 
Ng[L] = -2. (11.166) 
Ngbli] = Ng[rj2] = 0, (11.167) 
Using all these relations, we can determine the virtual particle number Ng of g and 

Ng[g] = 1, (11.168) 

Nglf] = -1. (11.169) 

According to eq.(11.158) and eq.(11.169), we know that the dimensionality of /' is 
— 1 and its virtual particle number if also —1. Besides, /' must be a Lorentz scalar. 
Combine all these results, the only two possible solutions of /i[C, 77, — d^fja] in 
eq.(l 1.124) are 

{K^ - d^fia)C;, (11.170) 

The only possible solution of T° is C°. But in general gauge conditions, does not 
satisfy the conserved equation eq.(11.146). Therefore, the solution to f'[C,rj,fj,K] 
is 

f'[C,r],f],K,L]= [d''x\Pr,+i{e){K^-d'^T]^)C^], (11.171) 



where e = {A — D), f3i^^i{e) is divergent parameter when e approaches zero. Then 
using the definition of g, we can obtain the following result. 



gf[C,V,fj,K,L]^-P^+^{e) j d^x 



Therefore, the most general solution of T 



[N] 

N+l,div 



IS 



^ N+l,div 



5K&{x) 



aN+i{e)S[C, r)i, 7^2] - / d^x 
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(11.172) 



;il.l73) 



In fact, the action S[C, rji, 772] is a functional of pure gravitational gauge field. It 
also contains gravitational coupling constant g. So, we can denote it as S[C,g], 



S[C,g] = S[C,vi,V2]. 



(11.174) 



From eq.(4.20), cq.(4.24) and eq.(4.25), we can prove that the action S[C, g] has the 
following important properties. 



S[gC,l]^g'S[C,g]. 



(11.175) 



Differentiate both sides of eq. (11.175) with respect to coupling constant g, we can 
SIC d - V d^x^-^C-(x) - ' 



(11.176) 



It can be easily proved that 

/d^xC^(x)^ [jd'yUy)d^^"^pv^{y) 

= Jd'^x [{df'f]f3{x)){d^T]'^{x)) + f]a{x)^^''D';;^|3r]^{x) 
/dSC^"(x)^ [jd^yKi;^{y)B;^7^f^{y) 

^-fd^x [Kli{x)d^nx) - K^{x)B';^^7]^{x) 
J d'^xfja{x)d^'D'^fjr]^ (x) 

Jd'^x [{^^'f]p{x)){^f,r|'^{x)) + f]^{x)^^''D'^pr|^{x) 
gl [!d'xKli^{x)Ti-pr)P{x) 



4 



- / d'x [K^^{x)d^ii^ - i^^(x)D2^77^ 
/d^x gLo^{x)r]P{x){dpr)-{x)) 

= /d^x gL^{x)rj^{x){dfjrj''{x)), 



4 



(11.177) 



(11.178) 



(11.179) 



(11.180) 



(11.181) 
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Using eqs. (11. 177-178), cq.(11.116) and cq.(11.46), we can prove that 



Similarly, we can get. 



-Ux)d'^'D'',pV^{x) + K^^{x)d,r^^{x) - i^^(a:)D^^/(x) 

(11.182) 



9 



dS\C,g\ 
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+ jd^x [-{d'^r]^{x)){d^r}^{x)) - %{x)d^-D-^r]f'{x) 



+K^{x)d^7]''{x) - K^{x)B'^f^7]''{x) - gLa{x)7]^{x){dp7j''{x)) . 

(11.183) 

Substitute eqs. (11. 182- 183) into eq.(l 1.176), we will get 



S[C,9] = I J ~ + / {l9La{x)v^x){d,rj^ 



V(x) ^'"-^ 2" dg 
Substitute eq.(l 1.184) into eq. (11.173). we will get 



(11.184) 



r 



[TV] 

N+l,div 



J d'^x 



QjV+l(£) 
2 



(11.185) 



2 y dg 



J d^X7]^{x)j^^ 

/ d'^xri°'{x) ^ 



On the other hand, we can prove the following relations 

Jd^y fjf}{y)d'^T>f'^r{y)] =Id''x fip{x)d'^^''^r{x), (11.186) 
fd'y my)Bf'^r)'^(y)] = J d'x X^(x)DjX(x), (11.187) 

Jd'y gMy)ri^{y){d,riP{y))] = 2 J d'^x gLi,{x)7)-{x){d,7)P{x)), 

(11.188) 



5ri°'{x) 



/d^^77"(x)^ = !d'x {np{x)d^^TiP^X{x) 



+X^(x)D2X(^) + 2gLp{x)r^''{x){d,r}l'{x))} 
Substitute eqs. (11. 186- 188) into eq.(l 1.189), we will get 

^Il + K^^ + 2L ^1 



(11.189) 



0. 



(11.190) 



Eq.(11.190) times — ^^y^, then add up this results and eq.(11.185), we will get 



N+l,div — J ^ 



ajv+i(£) afn 
2 y dg ■ 

This is the most general form of T'^N+i^iv which satisfies Ward-Takahashi identities. 

According to minimal subtraction, the counterterm that cancel the divergent 
part of f S^ji is just -r^!^li,div^ that is 

r^W'-f^l^U + oih--^ (11.192) 

where the term of o{Ti^^'^) has no contribution to the divergences of (A^ + l)-loop 
diagrams. Suppose that rj()'^j^^' is the generating functional of regular vertex which 

is calculated from 5* . It can be easily proved that 

p[iV+l] _ p[Ar] ^[N\ 

N+1 — N+1 N+l,div {LL.Li)0) 

Using eq.(11.113), we can get 

rK" = rK,,.. (11.194) 

^jv-H ^ contains no divergence which is just what we expected. 

Now, let's try to determine the form of 5* . Denote the non-renormalized 
action of the system as 

~[o] ~[o] 

S [C^,fja,v'',K,La,g,a,m,V2]. (11.195) 

As one of the inductive hypothesis, we suppose that the action of the system after 
h'^ order renormalization is 

r^[N] 

S [C^,rja,v'',K^,La,g,a,r]i,rj2\ 



~[o] 
--S 



Zi-^g, Zl-^a, Zi%„ Z^^, 
(11.196) 
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Substitute eq(11.191) and eq.(11.196) into eq.(11.192), we obtain 



~[Ar+i] ^[0] 

s ^ s 



-Jd^x 



2 



Using eq.(11.116), we can prove that 



~[0] ~[0] 



da 

[0] 



~[o] 

/ d^'x^'^ix)^^ = I dSr^"(a:)/^, 
y ' ^ '5r]'^{x) J ' ^ ' 8r]'^{x) 



SS 



[0] 



5K^{x)' 



dVo dS 
= 9- 



dg dg 



(11.197) 



(11.198) 

(11.199) 
(11.200) 
(11.201) 
(11.202) 
(11.203) 
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Using these relations, eq. (11.197) is changed into, 
4iv+i] 



-Jd'x 



[0] 



ss 



'SL^ix) (11.204) 



/ ^[0] ^[0] ^[0] 



[0] 



+^9%- - 2(^ - PN+i{e))a%^ + o{h''^') 
We can see that this relation has just the form of first order functional expansion. 

~[Af+l] 

Using this relation, we can determine the form of 5* .It is 



~[iV+l] 

S [C^,r]a,v",K^,La„g,a,rii,ri2] 



40] 



s" Wz^'^c-,, ^z)^'^'^na. ^zr^'Y, ^zr'^K. 



7[N+1 



(11.205) 



where 



7[N+l] 



L=l 



iV+1 



/3l(£) 



L=l 



Af+1 



L=l 



2 ' 



'6 

.[AT+l] 



= 1. 



(11.206) 

(11.207) 

(11.208) 

(11.209) 
(11.210) 



Denote 



^fW^\ ^ = {^"^ = ^[^\ (11.211) 
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The eq.(l 1.205) is changed into 



[JV+l] 



[Ca^ Va, K^, La, Q, «, Tji, 772] 



S 



[VzWT^c-, VI™77a, VF^?7", ^ 



[7V+1] 



(11.213) 




= f ^/W^fja, \fz^v'', 



(11.214) 



77'^^ is the Minkowski metric of flat space-time. The functions of 77^^ and 7720/3 are 
also similar to those of metric, which is used to contract Lorentz indexes and group 
indexes. Prom eq.(11.214), we can see the renormalization of the theory does not 
affect their value. It means that normalization of the theory does not affect the 
space-time structure, which is consistent with our basic viewpoint that physical 
space-time in the gravitational gauge theory is always flat. 

Now, we need to prove that all inductive hypotheses hold at L = A?" -|- 1. The 
main inductive hypotheses which is used in the above proof are the following three: 
when L = N, the following three hypotheses hold, 

1. the lowest divergence of f l-^l appears in the {N + l)-loop diagram; 

2. f[^] satisfies Ward-Takahashi identities eqs.(ll. 106-107); 

3. after h^th order renormalization, the action of the system has the form of 
eq.(11.196). 

First, let's sec the first hypothesis. According to eq.(11.194), after introducing 
(N + l)th order counterterm, the (A^ -|- l)-loop diagram contribution of r^^"*"^] is fi- 
nite. It means that the lowest order divergence of f t^+^l appears in the (A'"-|-2)-loop 
diagram. So, the first inductive hypothesis hold when L = A^ -|- 1. 
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It can be proved that the renormahzation constants Z^^\ Z'^l and ' satisfy 
the following relation, 

.[TV] 



1 Z VZW = 1, (11.215) 

where is an arbitrary non-negative number. It is known that the non-renormalized 
generating functional of regular vertex 

m^m[C,fj,ri,K,L,g,a,rj^,rj2] (11.216) 

satisfies Ward-Takahsshi identities eqs. (11. 101-102). If we define 

f ' = f M [C, fj', rj', K', L', g', a', rj,, 772] , (11.217) 

then, it must satisfy the following Ward-Takahashi identities 

SKj;{x) 6r}'^{x) 

(11.219) 

where 

L2aP = 9'[V2aa{d^V'n + V2ap{daV'n]- (11-221) 

Set, 



C'^ = VZI^^C^, (11.222) 



K'^ = \IZ K, (11.223) 



= VW+^^La, (11.224) 



ri'^'^^Z 77", (11.225) 



Va = ^Z Vc, (11-226) 
9' = Zf+^^g, (11.227) 
a' = ZI^+^Iq;. (11.228) 



In this case, we have 



Lt = W^^Zf+U't^, (11.229) 
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Tl — 

-^2a/3 — 



pv+TT 



?72 



= f[iV+l]_ 

Then eq.(11.218) is changed into 



1 5f 1^+11 



1 5f[^+il 



Because — does not vanish, the above equation gives out 



6Ka{x) 6f]a{x) 



Eq. (11.219) gives out 



(11.230) 



;il.231) 



(11.232) 



(11.233) 



/d^x 



[JV+l] , 



+ 



0. 



(11.234) 



Using cq.(11.215), we will get 

[JV+l] [JV+l] [A^+l] [Af+1] 



/ 



d*X 



+ ^ia(^)7ZF7ZV + ^2a/3(a;)- 



0. 



^«(x)5C^(x) ' SL^{x)Sr{x) ' ""'"^'Srj'i^ix) ' Srj2a/3{x, ^ 

(11.235) 

Eq. (11.233) and eq. (11.235) are just the Ward-Takahashi identities for L = + 1. 
Therefore, the second inductive hypothesis holds when L — N + 1. 

The third inductive hypothesis has already been proved which is shown in eq.(11.213). 
Therefore, all three inductive hypothesis hold when L = N +1. According to induc- 
tive principle, they will hold when L is an arbitrary non-negative number, especially 
they hold when L approaches infinity. 



94 



In above discussions, we have proved that, if we suppose that when L = N 
eq.(l 1.196) holds, then it also holds when L — N + 1. According to inductive 
principle, we know that eq.(ll. 213-214) hold for any positive integer N. When N 
approaches infinity, we get 



S [C^, Va, K^, L„, g, a, rji, 



--S 



VZC^, ^/Zva, ^Zr, yzKli, ^/ZL„, Zgg, Za, r?i, r]2 



;il.236) 



r[C^, rja, r?", K^, g, a, r)i, 7)2] 



VZC^, ^Zfja, VZV'', \/zK^, VZL„, Zgg, Za, 771, 772 



where 



Vz = lim Vzm = 1 - y 



aL(e 



L=l 



Z ^ hm \l Z 



[N] 



E 



/9l(£) 



L=l 

00 



2 

aLie) 



(11.237) 

(11.238) 

(11.239) 
(11.240) 



L=l 



S [C^, Va, V", K^, La, g, a, r]i, 772] and T[C^, r]a, v", K^, L„, g, a, r]i, 772] are renormal- 
ized action and generating functional of regular vertex. The generating functional 
of regular vertex F contains no divergence. All kinds of vertex that generated from 
f are finite. Prom eq.(l 1.236) and eq.(l 1.237), we can see that we only introduce 

three unknown parameters which are y/Z, and Zg. Therefore, gravitational 
gauge theory is a renormalizable theory. 

We have already proved that the renormalized generating functional of regular 
vertex satisfies Ward-Takahashi identities. 



5V 



5V 



6Ka{x) Sr]a{x)' 



I 



sr 6r 



+ 



ST ST 



ST 



ST 



SK&{x)SC-{x) ' SLa{x)Sr{x)^^'"Sril{x)^^"'%2a(3{x) 



(11.241) 



0. 



(11.242) 

It means that the renormalized theory has the structure of gauge symmetry. If we 
define 

CS, = VZC;, (11.243) 



95 



/U » ^ / 7 


(11.244) 


fjoa ^ ^l^Va, 


(11.245) 




(11.246) 




(11.247) 


90 = ^9^, 


(11.248) 




(11.249) 



Therefore, eqs. (11.236-237) are changed into 

~[0] 

S [C", r]a, 77°^, K^, La, g, a, 771, ^2] =,5 [Cq^, r/oa, < , -?^oa> -^oa, ^0, ao, 771, 772], 

(11.250) 

r[C^, 77a, 77", iST^, La, g, a, 771, 772] = rl°][Co"^, 77oa, 77^, i^^a, ^Oa, «/0, ^0, 77l, T/s]- 

(11.251) 

Cq^, f7oa and 779 are renormahzed wave function, Kq^ ^^'^ ^oa are renormahzed ex- 
ternal sources, and go is the renormahzed gravitational coupling constant. 

The action 5* which is given by eq.(11.250) is invariant under the following gen- 
eralized BRST transformations, 

SC^^ = -D^^ ^r7o^a, (11.252) 

SVo = »"(«)5A, (11.253) 

5770a = —VapfiSX, (11.254) 

6ri'"' = 0, (11.255) 

Ha = -9ovl{daVo)S\, (11.256) 

Hap = -5-0 {V2aa{df)Vo) + V2af3{daVo)) (11.257) 

where, 

= ^P, - goS'^pC^.d, + 9o{df,CS,), (11-258) 

fo = d^C^^- (11-259) 

Therefore, the normalized action has generalized BRST symmetry, which means 
that the normalized theory has the structure of gauge theory. 
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12 Theoretical Predictions 



The gravitational gauge field theory which is discussed in this paper is renormaliz- 
able. Its transcendental foundation is gauge principle. Gravitational gauge interac- 
tions is completely determined by gauge symmetry. In other words, the Lagrangian 
of the system is completely determined by gauge symmetry. Anyone who is familiar 
with traditional quantum gravity must have realized that gravitational gauge the- 
ory is quite different from the traditional quantum gravity. In this chapter, we plan 
to discuss some predictions of the theory which is useful for experimental research 
and is useful for testing the validity of the theory. Now, let's discuss them one by one. 



1. [Gravitational Wave ]In gravitational gauge theory, the gravitational gauge 
field is represented by C^. From the point of view of quantum field theory, 
gravitational gauge field is a vector field and it obeys dynamics of vec- 
tor field. In other words, gravitational wave is vector wave. Suppose that 
the gravitational gauge field is very weak in vacuum, then in leading order 
approximation, the equation of motion of gravitational wave is 

d'F^,. = 0, (12.1) 

where Fq^^ is given by eq.(5.9). If we set gC^ equals zero, we can obtain 
eq.(12.1) from eq.(4.39). Eq.(12.1) is very similar to the famous Maxwell 
equation in vacuum. Define 

F^^ = -e,,kBt , Fo1 = ^r, (12.2) 
then eq.(12.1) is changed into 

V- 0, (12.3) 



(9 — »ci; — »a 

— E -Vx S = 0. (12.4) 
at 

Prom definitions eq.(12.2), we can prove that 

V- i"= 0, (12.5) 

Q — >o — >« 

— B +Vx E =0. (12.6) 

If there were no superscript a, eqs. (12.3-6) would be the ordinary Maxwell 
equations. In ordinary case, the strength of gravitational field in vacuum is 
extremely weak, so the gravitational wave in vacuum is composed of four in- 
dependent vector waves. 



97 



Though gravitational gauge field is a vector field, its component fields have 
one Lorentz index /i and one group index a. Both indexes have the same be- 
havior under Lorentz transformation. According to the behavior of Lorentz 
transformation, gravitational field likes a tensor field. We call it pseudo-tensor 
field. The spin of a field is determined according to its behavior under Lorentz 
transformation, so the spin of gravitational field is 2. In conventional quantum 
field theory, spin-1 field is a vector field, and vector field is a spin-1 field. In 
gravitational gauge field, this correspondence is violated. The reason is that, 
in gravitational gauge field theory, the group index contributes to the spin of 
a field, while in ordinary gauge field theory, the group index do not contribute 
to the spin of a field. In a word, gravitational field is a spin-2 vector field. 



2. [Gravitational Magnetic Field ]From eq. (12.3-6), we can see that the equa- 
tions of motion of gravitational wave in vacuum are quite similar to those of 
electromagnetic wave. The phenomenological behavior of gravitational wave 
must also be similar to that of electromagnetic wave. In gravitational gauge 
theory, B is called the gravitational magnetic field. It will transmit grav- 
itational magnetic interactions between two rotating objects. In first order 
approximation, the equation of motion of gravitational gauge field is 

d^F^u = -9V.rvfT;^- (12.7) 
Using eq.(12.2) and eq.(12.7), we can get the following equations 



V-E ^ -gvfT^p, (12.8) 

^ -Vx 5"= +grjf Tgf3, (12.9) 

where Tgp is a simplified notation whose explicit definition is given by the 
following relation 

{Tg^y =t]0 . (12.10) 
On the other hand, it is easy to prove that (omit self interactions of graviton) 

d,F^, + d^F^^ + 9,F;, = 0. (12.11) 

From eq.(12.11), we can get 

V- i"= 0, (12.12) 

-^i"+Vxi"=0. (12.13) 
ot 
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Eq.(12.8) means that energy-momentum density of the system is the source 
of gravitational electric fields, eq.(12.9) means that time- varying gravitational 
electric fields give rise to gravitational magnetic fields, and eq.(12.13) means 
that time-varying gravitational magnetic fields give rise to gravitational elec- 
tric fields. Suppose that the angular momentum of an rotating object is Jj, 
then there will be a coupling between angular momentum and gravitational 
magnetic fields. The interaction Hamiltionian of this coupling is proportional 

— » — »a 

to J • B ). The existence of gravitational magnetic fields is important for 
cosmology. It is known that almost all galaxies in the universe rotate. The 
global rotation of galaxy will give rise to gravitational magnetic fields in space- 
time. The existence of gravitational magnetic fields will affect the moving of 
stars in (or near) the galaxy. This influence contributes to the formation of 
the galaxy and can explain why almost all galaxies have global large scale 
structures. In other words, the gravitational magnetic fields contribute great 
to the large scale structure of galaxy and universe. 

3. [Lorentz Force ] There is a force when a particle is moving in a gravitational 
magnetic field. In electromagnetic field theory, this force is usually called 
Lorentz force. As an example, we discuss gravitational interactions between 
gravitational field and Dirac field. Suppose that the gravitational field is static. 
According to eqs.(6.2-3), the interaction Lagrangian is 

Cj = ge'^^'^i^Yda^C^- (12.14) 
For Dirac field, the gravitational energy-momentum of Dirac field is 

Substitute eq.(12.15) into eq.(12.14), we get 

jCi = ge'^'^X^^C^. (12.16) 

The interaction Hamiltonian density Hi is 

ni = -Ci = -5e^(^)T^^J|/, x)C^{y). (12.17) 

Suppose that the moving particle is a mass point at point x , in this case 

T^^^(y,x)^T^^J(V-x), (12.18) 

where T^^ is independent of space coordinates. Then, the interaction Hamil- 
tonian Hi is 

Hi^ jd?y Hiiy) ^-gjd?y e'^^^T^^^iy, x)C^{y). (12.19) 



(12.15) 
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The gravitational force that acts on the mass point is 

U = gj dV^^^T^aiy^ ^)F-, + 9 1 dV^'^X^^iy, x)—Ct. (12.20) 

For quasi-static system, if we omit higher order contributions, the second term 
in the above relation vanish. For mass point, using the technique of Lorentz 
covariance analysis, we can proved that 

P,JJ^ = ^T^^, (12.21) 

where is velocity, 7 is the rapidity, and Pga is the gravitational energy- 
momentum. According eq.(12.18), Pga is given by 

Pga = I y T^aiy) = T^a- (12.22) 
Using all these relations and eq.(12.2), we get 

For quasi-static system, the dominant contribution of the above relation is 

7= ge^^^^M i° +ge^^^^M v x 5°, (12.23) 

where v=U /•y is the velocity of the mass point. The first term of eq. (12.23) is 
the classical Newton's gravitational interactions. The second term of eq. (12.23) 
is the Lorentz force. The direction of this force is perpendicular to the direc- 
tion of the motion of the mass point. When the mass point is at rest or is 
moving along the direction of the gravitational magnetic field, this force van- 
ishes. Lorentz force is important for cosmology, because the rotation of galaxy 
will generate gravitational magnetic field and this gravitational magnetic field 
will affect the motion of stars and affect the large scale structure of galaxy. 

4. [Origin of Terrestrial Magnetism ] 

It the traditional theory, it is hard to explain the origin of terrestrial mag- 
netism. But now, using the gravitational gauge theory, it is easy to explain 
the origin of terrestrial magnetism. According to above discussions, we know 
that a rotating celestial object will give rise to gravitational magnetic field, so 
rotating earth will generate gravitational magnetic field around it. According 
to unified gravitation-electromagnetic theory PU|, there is direct coupling be- 
tween spin and gravitational magnetic field. In other words, electromagnetic 
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magnet will directly interact with gravitational magnetic field. Therefore, the 
origin of terrestrial magnetism is gravitational magnetic field. In other words, 
terrestrial magnetism and solar magnetism are not electromagnetic magnetism, 
but gravitational magnetism. 



5. [Negative Energy ]First, let's discuss inertial energy of pure gravitational 
wave. Suppose that the gravitational wave is not so strong, so the higher order 
contribution is very small. We only consider leading order contribution here. 
For pure gravitational field, we have 

-— ^ = -v'''v'"'ri20,F;^ + gV^'v'-'mp.ClF;^. (12.24) 

From eq.(4.32), we can get the inertial energy-momentum tensor of gravita- 
tional field in the leading order approximation, that is 

TL = e'^""^ [+r'v'"'V2^,F;.d^C^ + ■ (12.25) 
Using eq.(12.2), Lagrangian given by eq.(4.20) can be changed into 

jCo = \v2ap{E" ■ e" - b ' ■ b'). (12.26) 

Space integral of time component of inertial energy-momentum tensor gives 
out inertial energy Hi and inertial momentum Pi. They are 



d^ X e^^^> -r]2ap{E ■ E +B ■ B ) 



(12.27) 



Pi^ Jd^x e-^(^)?72a/3 e" XB . (12.28) 

In order to obtain eq.(12.27), eq.(12.3) is used. Let consider the inertial energy- 
momentum of gravitaional field C°. Because, 

77200 = -1, (12.29) 

eq. (12.27) gives out 

1 /■ o -+ ^0 ^0 ^0 ^0 

Hi{C')^--Jd^xe'^^\E -E +B ■ B ). (12.30) 

HiiC^) is a negative quantity. It means that the inertial energy of gravitational 
field C° is negative. The gravitational energy-momentum of pure gravitational 
gauge field is given by eq.(4.40). In leading order approximation, it is 

^ ^A^V-772;3,F;,(9«Cf)+<£o 

(12.31) 
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After omitting surface terms, the gravitational energy of the system is 



X 



The gravitational energy of gravitational field is, 



H, 



.(c») = -l/ 



d^x{E -E +B B +2ri'^do{C^E^)). 



;i2.32) 



;i2.33) 



Hg is also negative. It means that the gravitational energy of gravitational 
field C° is negative. In other words, gravitational gauge field has negative 
gravitational energy and negative inertial energy. But, inertial mass is not 
equivalent to gravitational mass for pure gravitational gauge field. 



6. [Gravitational Radiation ]Bccausc gravitational gauge field is a vector 
field, its dominant radiation is gravitational dipole radiation. Now, let's discuss 
gravitational dipole radiation. The equation of motion of gravitational gauge 
field is 

d'F^, - -QVurvfT^p- (12.34) 

For the sake of simplicity, suppose that the strength of gravitational gauge 
field is weak, i.e. 

gC; « 1. (12.35) 
Then in leading order approximation, eq. (12.34) gives out 

d^{d,C^ - d^C^) = -gnurflfTlp. (12.36) 

If we adopt Lorentz gauge 

9'^C° = 0, (12.37) 

then eq.(12.36) is changed into 

d^d.C: = -gv^rvfT^f,. (12.38) 
is a function of space-time, 

T^0 = T^0(^,t)- (12.39) 

The solution to eq.(12.38) is 

C:{x, t) = gvurvf J ^^^^l^d^ y, (12.40) 
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where r is the distance between point x and point y, 

r^\x-y\. (12.41) 

Suppose that the object is a mass point. Then in the center of mass system 
of the moving particle, the solution is given by eq.(9.10), i.e. 

C° = £P,0. (12.42) 

Make a Lorentz transformation, we can get the corresponding solution in lab- 
oratory system, 

where M is the gravitational mass of the mass point, v is the velocity of the 
mass point. In the above function, all variables are functions of t' — t — r. 
Suppose that the velocity of the mass point is much less that the speed of 
light, then we can obtain that 

The first term in eq. (12.45) is the traditional Newton's gravitational field, 
which has no contribution on gravitational wave radiation. We will omit it 
in the calculation of radiation power, i.e., we use the following relation in the 
calculation of radiation power, 

--^ (-- v) - -^P" ? x(f X v). (12.46) 



In order to calculate the radiation power, let's first determine the radiation 
energy flux density. Suppose that there is a space region which is denoted as 
E whose surface is denoted as Q,. The gravitational force density is denoted as 

/ {x) and the speed of the mass point at point x is v {x). Then in one unit 
time, the work that the system obtained from gravitational field is 

~f -v d?x . (12.47) 
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Suppose that w{x) is the energy density of the system. Then is one unit time, 
the increased energy of the system is 

d_ 



J^w{x)d^x. (12.48) 



Supposed that the energy flux density is S- Then in one unit time, the energy 
that flow into the system through the surface of the system is 

- <f S ■da= - [ {V- S)d^ X . (12.49) 

Energy conservation law gives out the following equation 

- (f S ■da= [ y -v d^x +^ I w{x)d? x . (12.50) 
Jo. Jt. at JT, 

Because integration region is an arbitrary region, from eq.(12.50), we can 
obtain 

^■S+^ = -7-v. (12.51) 

For the sake of simplicity, suppose that the gravitational gauge field is very 
weak, then in leading order approximation, space-time derivative of e^^^^ can 
be neglected. Using eq.(12.23), we get 

7 . v= -ge'^c^Tl^Ef. (12.52) 
Using eq.(12.9) and eq.(12.13), we get 

y.v^ _V.(e^(^)i"xi„)-|[ie^(^)(i"-i„ + S".i,)]. (12.53) 
Compare eq.(12.53) with eq.(12.51), we will get 

'S^ e^(^) i" X Ba, (12.54) 

«; = ^e^(^)(i"-ia + i"-i«)- (12.55) 

S is the gravitational energy flux density. We use it to calculate the gravita- 
tional radiation power. Using eq.(12.44) and eq.(12.46), we can get 



. a 



e'^'^'> PAj-AP,a v){r- r . V) 



- rp,^ (^ -v')-r Pgai^- V ■ V)] 

+Y^e'^^^[P,^P^ 7 {r' V -(? . vf) 

• > — » — » —»—>—>—> 
+Pga PgT {r"^ V • V -(r • v){r ■ v))]. 



;i2.56) 
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The above relation can be written into another form 



where 



.^e^(^) [{n . V -l)iiP,a V)- n [{v - n) ■ f^{P,^ v)]l 

(12.57) 



ri= -. (12.58) 



7. [Repulsive Force ]The classical gravitational interactions are attractive in- 
teractions. But in gravitational gauge theory, there arc repulsive interactions 
as well as attractive interactions. The gravitational force is given by eq.(12.23). 
The first term corresponds to classical gravitational force. It is 

/, = ^e^(^)r°J9,Co"). (12.59) 

For quasi-static gravitational field, it is changed into 

/. ^ -ge'^c)Pg^Ef 

(12.60) 

= ge'(^\M,Ef - P.jEf), 

where Mi is the gravitational mass of the mass point which is moving in 
gravitational field. Suppose that the gravitational field is generated by another 
mass point whose gravitational energy-momentum is Qg and gravitational 
mass is M2. For quasi-static gravitational field, eq.(12.45) gives out 

^r = -^Q^ (12.61) 

Substitute eq.(12.61) into eq.(12.60), we get 

/= "'^""^i^ ^ i-EigE,,+ P, . 4), (12.62) 

where Eig and £'23 are gravitational energy of two mass point. From eq.(12.62), 

we can see that, if Pg ■ Qg is positive, the corresponding gravitational force 
between two momentum is repulsive. This repulsive force is important for the 
stability of some celestial object. For relativistic system, all mass point moving 

at a high speed which is near the speed of light. Then the term Pg ■ Qg has 
approximately the same order of magnitude as that of EigE2g, therefore, for 
relativistic systems, the gravitational attractive force is not so strong as the 
force when all mass points are at rest. 
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[Massive Graviton ]We have discussed pure gravitational gauge field in chap- 
ter 4. From eq.(4.20), we can see that there is no mass term of graviton in 
the Lagrangian. We can see that, if we introduce mass term of graviton into 
Lagrangian, the gravitational gauge symmetry of the action will be violated. 
Therefore, in that model, the graviton is massless. However, just from this 
Lagrangian, we can not say that there is no massive graviton in Nature. In 



literature ||38|, a new mechanism for mass generation of gauge field is pro- 
posed. The biggest advantage of this mass generation mechanism is that the 
mass term of gauge fields does not violate the local gauge symmetry of the 
Lagrangian. This mechanism is also applicable to gravitational gauge theory. 

In order to introduce mass term of gravitational gauge fields, we need two 
sets of gravitational gauge fields simultaneously. Suppose that the first set of 
gauge fields is denoted as C^, and the second set of gauge fields is denoted as 
Cf^. Under gravitational gauge transformation, they transform as 

Cm(^) ^ C';(a;) = U,{x)C^{x)Ur\x) + -U,{x){dfi:\x)l (12.63) 

C2^.{x) ^ C'^^{x) = U,{x)C2,ix)Ur\x) - ^U,{x){d,Ur\x)). (12.64) 

Then, there are two gauge covariant derivatives, 

D^ = d,,-tgC^ix), (12.65) 

D2^. = d^ + tagC2^ix), (12.66) 
and two different strengths of gauge fields, 

F^, = ^[D^ , D,], (12.67) 

F2^u = —[D2^ , D2.]. (12.68) 

tag 

The explicit forms of field strengths are 

F,. = d,C,{x) - d,C,{x) - tgC,{x)C,{x) + zgC,{x)C,{x), (12.69) 

F2f„y = d^C2u{x) - duC2f,{x) + iagC2^,{x)C2y{x) - iagC2y{x)C2f,{x). (12.70) 
The explicit forms of component strengths are 

F^. = d,C: - - gCjldfsC: + gC%C^, (12.71) 
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F2,u = d,Cl - + agC^^dpCl - agC^dpC^^. (12.72) 

Using eq. (12.63-64), we can obtain the following transformation properties, 

D^{x) ^ D'^{x) = U,D^{x)U:\ (12.73) 

D2^{x) ^ D'^^{x) = U,D2^{x)U:\ (12.74) 

^/.^ ^ = U,F,uUr\ (12.75) 

^2^- ^ ^2m. = UeF2^.lJ:\ (12.76) 

(C^ + aC2^) ^ (C; + = C/,(C^ + q;C2^)C/,-^ (12.77) 

The Lagrangian of the system is 

(12.78) 

The full Lagrangian is defined by eq.(4.24) and the action is defined by eq.(4.25). 
It is easy to prove that the action 5" has local gravitational gauge symmetry. 
Prom eq.(12.78), we can see that there is mass term of gravitational gauge 
fields. Make a rotation, 

Cs^ = cos^C^ + sin^Cs;., (12.79) 
= -sin^C^ + cos^Cs/., (12.80) 

where 9 is given by 

cos^= 1/V1 + q;2, sine^a/VlTo^. (12.81) 
Then, the mass term in eq.(12.78) 

2 

-^r^'^m 0,ClCl. (12.82) 

So, the gravitational gauge field Cs^ is massive whose mass is m while gravi- 
tational gauge field C^^ keeps massless. 



The existence of massive graviton in Nature is very important for cosmology. 
Because the coupling constant for gravitational interactions and the massive 
graviton only take part in gravitational interactions, the massive graviton must 
be a relative stable particle in Nature. So, if there is massive graviton in Na- 
ture, there must be a huge amount of massive graviton in Nature and they 
stay at intergalactic space. 
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9. [Gravitational Red Shift ]Some celestial objects, such quasars, have great 
red shift. This new quantum theory of gravity will help us to understand some 
kinds of big red shift. Supposed that a photon which is emitted from an atom 
on earth has definite energy Eq. It is known that on earth, the gravitational 
field is very weak, i.e. 

« 1, (12.83) 

therefore, the factor e^^^^ is almost 1 on earth. If the atom is not on earth, 
but on a celestial object which has strong gravitational field, according to 
eq.(5.20), eq.(6.18), and eq.(7.17), the inertial energy of the photon is 

e-^(^) • Eq. (12.84) 

Suppose that the gravitational mass of celestial object is M, according to 
eq.(9.10) and eq.(9.17), we have 

em^expi-^). (12.85) 
r 

According to eq.(12.19), at that place that the photon is emitted, the gravita- 
tional potential energy of the photon is 

, GM^ GM 

-Eo-exp( . (12.86) 

r r 

When this photon arrive earth, its inertial energy is 

, GM, , GM, 

Eo-exp{ • 1 . 12.87 

r r 

Therefore, its gravitational red shift is 

^GM, ,^ GM, , ^ 
z = exv{—^) ■ (1 —Y^ - 1. (12.88) 

If the mass of the celestial object is very big and the radius of the celestial 
object is small, its red shift is big. As an example, suppose that ^y- ~ 0.6, its 
gravitational red shift is about 3.6. In other words, the gravitational red shift 
predicted by gravitational gauge theory is much larger than that predicted by 
general relativity. 



10. [Violation of Inverse Square Law And Black Hole ]It is known that 

classical Newton's theory of gravity predicts that gravity obeys inverse square 
law. According gravitational gauge theory, the inverse square law will be 
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violated by intense gravitational field. According to eq. (12.65) and eq.(9.10), 
the gravitational force between two relative rest objects is 

f^-exp{—^).—^r, (12.89) 

where M and M2 are gravitational masses of two objects. In eq.(12.89), we 
have supposed that M2 is much less that M. We can clearly see that the factor 
exp{—^^) violates inverse square law. We can also see that, if the distance r 
approaches zero, the gravitational force does not approach infinity. This result 
is important for cosmology. If there were no the factor exp{—^^) and if the 
distance r approaches zero, the gravitational force would approach infinity. 
For black hole, there is no force that can resist gravitational force, therefore, 
black hole will collapse forever until it becomes a singularity in space-time. 
Because of the existence of the factor exp{—^^), the gravitational force does 
not obey inverse square law, and therefore the black hole will not collapse 
forever. In this point of view, black hole is not a singularity in space-time, and 
therefore, black hole has its own structure. 

According to eq.(12.19), the gravitational potential 0(r) which is generated by 
an celestial object with gravitational mass M is 

(/.(r) = -exp(-^)^. (12.90) 
r r 

Suppose that the gravitational mass M is a constant. From eq.(12.90), we 
can see that, when distance r approaches zero or infinity, the gravitational 
potential approaches zero. But if distance r is a finite but non-zero, the gravi- 
tational potential is negative. There must be a definite distance Ro where the 
gravitational potential reaches its minimum. The distance Ro is given by 

^<P{r)\r=n, = 0. (12.91) 

Using eq.(12.90), we can easily determine the value of Rq, 

Ro = GM. (12.92) 

From eq. (12.89), we know that, when r = Ro, the gravitational red shift is 
infinity, and therefore outside world can not see anything happens in this ce- 
lestial object. In other words, if the radius of an celestial object is Rq, it will 
be a black hole, and the gravitational potential reaches its minimum at the 
surface of the celestial object. 
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Suppose that there is a mass point with mass m locate at the surface of the 
celestial object. According to eq.(12.89), the gravitational force that acts on 
the mass point is 

/(r) = exp{-^) ■ (12.93) 

Suppose that the gravitational force /(r) is strongest at distance Ri. The 
distance Ri is given by 

'^-/(r)|.=«, = 0. (12.94) 



Prom eq.(12.93), we get 



dr' 

CM Ro 

So, when the distance r becomes shorter than Ri, the gravitational force will 
become weaker. The radius of black hole is determined by the balance where 
gravitational force is equivalent to pressure. 

Besides, the renormalization effects will change the value of gravitational cou- 
pling constant g, and therefore affect inverse square law. This effect is a 
quantum effect. 



11. [Energy Generating Mechanism ]lt is known that some celestial objects, 
such as quasar, pulsar, • • •, radiate huge amount of energy at one moment. 
Where is the energy comes from? We know that the gravitational field of 
these celestial objects are very strong, and therefore the gravitational wave 
radiation will also be very strong. According to gravitational gauge theory, 
the inertial energy of gravitational field C^^ is negative. For ordinary celestial 
objects, their moving speed is much less than the speed of hght. In this case, 
the dominant component of gravitational wave is C°, therefore, gravitational 
wave carries negative inertial energy. It means that ordinary celestial objects 
obtain inertial energy through gravitational wave radiation. It is the source 
of part of the thermal radiation energy of these celestial objects. It is also the 
ultimate energy source of the whole Universe. 

Gravitational wave radiation may cause disastrous consequence for black hole. 
Because of intense gravitational force of black hole, any positive energy can not 
escape from black hole, but negative energy can escape from black hole. Be- 
cause gravitational gauge field C° carries negative inertial energy and negative 
gravitational energy, it can escape from black hole. In other words, black hole 
can radiate gravitational wave, but it can not radiate electromagnetic wave. 
Black holes can obtain inertial energy through gravitational wave radiation. 
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but it can not radiate inertial energy to outside world. As a result of gravi- 
tational wave radiation, the inertial energy of black hole becomes larger and 
larger, its temperature becomes higher and higher, and its pressure becomes 
higher and higher. Then at a time, gravitational force can not resist pressure 
from inside of the block hole. It will burst and release huge amount of inertial 
energy at a relative short time. 

12. [Dark Matter ]Dark matter is an important problem in cosmology. In gravi- 
tational gauge field theory, the following effects are helpful to solve this prob- 
lem: 1) The existence of massive graviton will contribute some to dark matter. 
2) If the gravitational magnetic field is strong inside a celestial system, the 
Lorentz force will provide additional centripetal force for circular motion of 
a celestial object. 3) The existence of the factor e^^*"^ violate inverse square 
law of classical gravity. Besides, there are a lot of other possibilities which is 
widely discussed in literature. I will not list them here, for they have nothing 
to do with the gravitational gauge theory. 

13. [Particle Accelerating Mechanism ]It is known that there are some cosmic 
rays which have extremely high energy. It is hard to understand why some cos- 
mic particles can have energy as high as 10^^ cV. Gravitational gauge theory 
gives a possible explanation for this phenomenon. According to gravitational 
gauge theory, there are strong gravitational magnetic field inside a galaxy. A 
cosmic particle will make circular motion around the center of galaxy under 
Lorentz force which is provided by gravitational magnetic field and classical 
Newton's gravitational force. These cosmic particles will radiate gravitational 
wave when they moving in gravitational field. Because gravitational wave car- 
ries negative inertial energy, cosmic particles will be accelerated when they 
radiate gravitational wave. If this explanation is correct, most cosmic parti- 
cles which have extremely high energy will come from the center of a galaxy. 

14. [Equivalence Principle ] Equivalence principle is one of the most important 
foundations of general relativity, but it is not a logic starting point of grav- 
itational gauge field theory. The logic starting point of gravitational gauge 
field theory is gauge principle. However, one important inevitable result of 
gauge principle is that gravitational mass is not equivalent to inertial mass. 
The origin of violation of equivalence principle is gravitational field. If there 
were no gravitational field, equivalence principle would strictly hold. But if 
gravitational field is strong, equivalence principle will be strongly violated. 
For some celestial objects which have strong gravitational field, such as quasar 
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and black hole, their gravitational mass will be higher than their inertial mass. 
But on earth, the gravitational field is very weak, so the equivalence principle 
almost exactly holds. We need to test the validity of equivalence principle in 
astrophysics experiments. 

15. [Violation of the Second Law of Thermodynamics ]If we treat the 
whole universe as an isolated system, according to the second law of thermo- 
dynamics, our Universe will finally go to the completely statistical equilibrium, 
which is main point of the theory of heat death. If we consider the infiuence 
of gravitational interactions, second law of thermodynamics no longer holds, 
for an object can obtain erengy through radiating gravitational wave. For ex- 
ample, black hole can obtain energy from outside world through gravitational 
wave radiation, though the temperature of black hole is much higher than 
outside world. In this meaning, black hole is a perpetual motion machine of 
the Universe, and because of the existence of this perpetual motion machine, 
our Universe will not go to the state of heat death. 

16. [New Energy Source ]It is known that one of the biggest problem for the 
development of civilization of human kind in future is the energy crisis. How- 
ever, gravitational gauge field theory provides an everlasting energy source for 
both human kind and the whole universe. Two hundred years ago, human 
kind does not know how to utilize electric energy, but now most energy comes 
from electric energy. It is believed that, human kind will eventually know how 
to utilize gravitational energy in future. If so, most energy will come from 
perpetual motion machine in future. 



13 Summary 

In this paper, we have discussed a completely new quantum gauge theory of gravity. 
Finally, we give a simple summary to the whole theory. 

1. In leading order approximation, the gravitational gauge field theory gives out 
classical Newton's theory of gravity. 

2. In first order approximation and for vacuum, the gravitational gauge field 
theory gives out Einstein's general theory of relativity. 

3. Gravitational gauge field theory is a renormalizable quantum theory. 
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